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Elliptic curve E over Q:

y>=xz>4+azr+b, abecQ, 4a>+27b% #£0.

Set of rational points

E(Q)Z{x,yEQ:y2=x3+ax—|—b}

has a group structure:

E(Q) is a finitely generated abelian group (Mordell).
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L-function associated to FE:
L(BE,s)= [ (1—app*+p~25~1

p good
. H (1 —app_s)_l
p bad
where
ap =p— #

# = n. of sols. to y25x3—|—ax—|—b mod p.

E is modular (Wiles and BCDT). Hence Lg(s)
has analytic continuation and functional equa-
tion.

Philosophy: get global properties of object from
its L-function



BSD Conjecture: rank E(Q) = ord,—1 L(FE, s)

Functional equation:

NE=)2(0mys=2r (2 — ) L(E, 2 — )
= W(B)N?(2r) T (s)L(E, ).

The root number Wg is 1 or —1.

even iIfW(FE)=1

Oordg—1 L =
s=1LE(s) {odd if W(E) = -1,

In particular, E(Q) infinite if W = —1.



Family £ of elliptic curves:

v> =234+ azx+b, a,beQt), 4¢3+ 27b° £ 0.

For almost all ¢, £(t) is an elliptic curve.

Distribution of rank £(t): hard, even condition-
ally

But:
1 —avW(E())

avrank&(t) > rank & + 5

(Likely to be an equality)



What is known about avW (&(t))7?
Vox populi: avIWW(E(t)) =0

Actually:

1. If £ constant, avW (&)(t) anything (Rohrlich,
Rizzo)

2. If £ non-constant but (technical condition),
avW(&)(t) anything, but infinity of 4+, —
(Manduchi)

3. General case: not treated so far, believed
to be analytically hard

Subject of talk: (3)



Family £ an elliptic curve over Q(t)
v a place of Q(t)
Polynomial P,(xz,y)

Bg(a;,y)z H PV(xay)
v bad

Mg (z,y) = 11 Py(z,y)

v multiplicative



Conjecture 2 (general square-free sieve):

If P € Z[x] square-free,
#{-N <z <N:3p>N/2st.p?|P(z)} = o(N).
If homogeneous P € Z[x, y] square-free,

#{—N <z,y<N:3p>Ns.t.p?|P(z,y)} = o(N?)

Known for deg P < 3, resp. degP <6

Bounds improved



Conjecture B (Chowla)

If P € Z[x] not constant times square,

> MP((n)) =o(N),

n=a Modm

where A\(p{l---ptm) = (=1)2%. If P € Z[z,y]
not constant times square,

S A(P(z,y)) = o(N?).
1<z,y<N
(z,y)ESNL



Thm.
A(Bg(z,1)) & B(Mg(z,1))

= av, W(E(t)) = O

AUA(Bg) & B(Mg)
= avg W(E() = O

A(Beg(z,1)) & avz W(E(t)) =0

= B(Mg(z,1))

A(Bg) & avQ W(E@)) =0

= B(Mg)



Thm. Chowla holds for two variables, deg P =
3.

More precisely:

Let f(z,y) € Z[z,y] be a homogeneous poly-
nomial of degree 3. Let S be a convex subset
of [-N,N]2. Let L C Z? be a lattice coset of
index [Z2 : L] < (log N)4, where A is an arbi-
trarily high constant. Then

> o p(f(z,y))
(z,y)ESNL
IS at most a constant times
(loglog N)°(logloglog N) Area(S) N2
log N [Z2 : L] = (log N)4’

where the implied constant depends only on f
and on A.
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Old error terms for square-free sieve:

dedir (P) | 6(P(x)) §(P(z,y))
1 VN 1

2 N2/3 N

3 N/(log N)1/2 N2/l1og N
4 N?/log N
5 N?/log N
6

Improved error terms:

N2/(log N)1/2

degi (P) | 6(P(z)) 6(P(z,y))

3 N/(log N)O.5718... N3/2/ log N

4 N4/3(log N)A
5 N(B+Vv113)/8+¢
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Wanted: upper bound for the total # of int.
points of low height on

Eq: dy® = f(z)

canonical height h(z,y) ~ log|z|

- 1
h(z,y) > 3 log|d| +C

rank(Ey) < wig(d) — w(d) 4+ C'

lattice

can eliminate d outside (N/(log N)4, N/(log N)?°);
can focus on integer points of height ~ log N
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Given int. points P, P' on E; : dy? = f(x), d
square-free,

h(P + P') < 3max(A(P),h(P)) + C.

Hence: integer points of height close to each
other are separated by almost 60° (at least)

Sphere packing (kissing number in n dim)

# < 20.401...-n
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