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1. MALTSEV CATEGORIES AND CONNECTORS

Definition (Smith 1976)
A variety V of universal algebras is a Maltsev variety if
dp(x,y, z) such that p(x,y,y) =z and p(z,z,y) = v.

Theorem (Maltsev 1954)
A variety V is Maltsev if and only if

RoS=SoR
for any R, S in Congr(X) and any X in V.

Examples

e Groups
1

plr,y,2)=x-y -z
e Abelian groups
e Rings, Commutative rings
e Commutative algebras, Lie algebras
e Crossed modules
e Quasigroups

p(r,y,2) = (2/(y\y))-(y\z)

e Heyting Algebras
p(r,y,2) = ((x = y) = 2) A((z 2 y) = 2)



Definition (Carboni, Lambek, Pedicchio 1990)

A finitely complete category C is a Maltsev category
if any internal reflexive relation R on any X in C is an
equivalence relation.

Examples
e Any Maltsev variety

o Any Maltsev quasivariety: for example Ab;y torsion-free
abelian groups

e Topological groups, Hausdorff groups
o £Pif £ is a topos
e Any localization of a Maltsev variety

e Any abelian category, any semi-abelian category

The theory of centrality for varieties was developed in

J.D.H. Smith, Mal’cev Varieties,
Lect. Notes Math. 554 (1976)
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Definition
If R and S are equivalence relations on X, let R xx S be
the pullback

RXXSPI—S

Po L Ldo

R - X

di
Rxx S={(v,y,2) € X x X x X | zRyS=z}

A connector between R and Sisanarrowp: RxxS — X
such that

Lop(z,z,y) =y . p(x,y,y) =2

2. p(x,y,z)Sx 2*.p(x,y,z)Rz

3.p(x,y,p(y,u,v)) = p(x,u,v) 3% p(p(x,y,u),u,v) = p(x,y,v)

Remark
The notion of connector weakens the notion of internal
pregroupoid (Pedicchio).

MAIN FACTS : if C is Maltsev, then

- there is at most one connector p between R and S

- the axioms 1 and 1* imply all the others

- when C is a Maltsev variety:

Alconnectorp: Rxx S - X <& [R,S] =0y



- when C is a Maltsev category:

we write [R,S] = 0y to indicate that there is a connector
between I? and S.

Theorem Let C be a regular Maltsev category. Then

1. Symmetry: [R,S] =0x < [S,R] =0y
2. Inclusion in the intersection:
RNS=0x = [R,S] =0y

3. Monotonicity: if S C Sy, then
[R,Sg] =0x = [R,Sl] =0x

4. Stability with respect to products:
[Rh Sl] = 0y and [R% Sg] =0y = [Rl ><RQ7 S XSQ] = 0xyy

5. Stability with respect to regular images: if f: X - Y
is a regular epimorphism, then

(R, S]=0x = [f(R), f(S)] = Oy

6. Stability with respect to joins:
[R,Sl] =0y and [R,Sz] =0y & [R,Sl U Sg] =0x



Let 2-Eq(C) be the category whose objects are

di ds
R X S
d | do
fr [ fs
A S ]
R Y S
dq do

Let Conn(C) be the category whose objects are

' \ / ]
and arrows those in 2—Eq(C) which preserve the connector.

Lemma When C is Maltsev, then the forgetful functor
U: Conn(C) = 2 — Eq(C)
is a full inclusion.

Theorem Let C be a finitely complete category. The
following conditions are equivalent:

1. C is Maltsev

2. the forgetful functor U: Conn(C) — 2—FE¢(C) is closed
under subobjects

3. the forgetful functor V: Grpd(C) — RG(C) is closed

under subobjects



2. MODULARITY AND PSEUDOGROUPOIDS

In more general varieties of universal algebras

Alconnectorp: Rxx S - X ¢ [R,S] =0y

Definition A variety V of universal algebras is congruence
modular if the lattice Congr(X) on any X in V is modular:

TCR = RN(SUT)=(RNS)UT

Examples

e Any Maltsev variety

e Any distributive variety: lattices, median algebras

e Any Goursat variety (ie. RoSoR = SoRoS):
generalized right complemented semigroups

Theorem (Gumm 1982)
A variety V is congruence modular

)

the Shifting Lemma holds in V: for any X in V), for any
R,S,T in Congr(X) with RN.S C T, then

implies that ¢7'z.



Given IR and S, let RIS be the largest double equivalence

relation on R and S:
Do

ROS S
pP1
yan do‘/ ‘/dl
do
R X
dq
In Sets: ROS is formed by all R-S rectangles:

Po

Lemma Let C be a finitely complete category. TFCAE:
1. the Shifting Lemma holds in C

2. for any X in C, for any equivalence relations R, S, T
on X with RNS CT C R the canonical inclusion

Tas- - ROIS

Po P1 Po yai

T——R
is a discrete fibration.

Definition
A finitely complete category satisfies the Shuifting property

if it satisfies the equivalent conditions in the Lemma.

Examples

Any modular variety, any regular Maltsev category, any

Goursat category.



Definition (Janelidze - Pedicchio 2001)
An internal pseudogroupoid on R and S is an arrow
m: ROS — X in C, written as m(x,y,t, z) for any

54

r——
Yy —=z

in RS, with the following properties:

L. m(z,z,t,y) =y .m(z,y,t,y) =x
2. m(z,y,t,z)Sx 2. m(z,y,t,z)Rz
3. m(z,y,t,z) =m(x,y,t, 2)

4. m(m(xy,x9,y,x3), x4, t, 25) = m(x1, x9,t, m(x3, 24, 2, 25))

for any
t
/ X
X1 Xy
RN 7
R Y z S
L2 X\ / T4
N/
xr3
Remark

Any connector p is a pseudogroupoid: m(x,y,t,z) = p(z,y, 2)

Theorem (Janelidze - Pedicchio)
If C is a congruence modular variety then

! pseudogroupoid m: ROS - X & [R, S| = 0x
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CONSEQUENCES OF THE SHIFTING PROPERTY

Let C be a category satisfying the Shifting property:

Theorem

1. There is at most one internal pseudogroupoid on two
equivalence relations R and S

2.1,1%,2,2* 3 imply 4

3. The forgetful functor W: Psgrd(C) — 2-Eq(C) is a full

inclusion

Corollary
1. There is at most one connector between R and S
2. 1,1%,2,2* imply 3, 3*
3. The forgetful functor U: Conn(C) — 2-Eq¢(C) is a full

inclusion.

Remark
For two equivalence relations having a pseudogroupoid (or
a connector) structure becomes a property. We write

<R,S>=0x < 3Jdlpseudogroupoid m: ROS — X
[R,S] = 0x <« Tlconnector p: Rxx S — X

Corollary

1. Given X in C, there is at most one internal Maltsev
operation

pr X XX XX =X
2. p is associative: p(z,y,p(z,u,v)) = p(p(x,y, 2),u,v)
3. p is commutative: p(z,y,z2) = p(z,y,x)
4. Mal(C) is naturally Maltsev
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In the case of modular varieties:
G. Janelidze - M.C. Pedicchio

Internal categories and groupoids wn congruence modular
varieties, Journal of Algebra (1997)

INTERNAL CATEGORIES

Let C be a category satisfying the Shifting property.

Theorem
a) For an internal reflexive graph X

do

So ]
X —— X,

in C, the following conditions are equivalent:

1. there is a (necessarily unique) category structure on X

2. there is a (necessarily unique) multiplication
m: X1 X X, X1 —)Xl
satisfying the axioms

m(ldo(f)7f) = f=m(f, 1d1(f))

and

do(m(f.g)) = do(f) di(m(f,9)) = di(g)

b) The forgetful functor C'at(C) — RG(C) is a full inclusion.
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INTERNAL GROUPOIDS

When C is regular and satifies the Shifting property:

Proposition For two equivalence relations R and S on X
the following conditions are equivalent:

1. [R,S] =0x
2.<R,S>=0x and RoS=SoR

Corollary For an internal reflexive graph X

do

Sg
X1 —7— Xo

in C the following conditions are equivalent:

1. there is a (necessarily unique) groupoid structure on X
2. [Rldo], R[d:]] = Ox,
3. < R[do], R[dl] >= 0X1 and R[do] o R[dl] = R[dl] o] R[do]

4. < R[dy], R[di] >= 0x, and the regular image I of X
X1 > I

dl\XO/

is an equivalence relation.
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CENTRAL EXTENSIONS

A central extension is a regular epimorphism
f:A— B

such that
[R[f]7 1A] =04,

Let Centr(C) be the category of central extensions in C.

An internal groupoid

P do
80/

mo
X1><X0X1 o )&1 ~d; Xo

is connected if the arrow
(do,dl): X - XO X Xo
is a regular epi.

Let ConnGrpd(C) be the category of internal connected
groupoids in C.

Theorem
If C is a pointed Barr-exact category satisfying the Shifting
property, then

Centr(C) ~ ConnGrpd(C).



