LINEAR SPANS OF UNITARY AND SIMILARITY ORBITS
OF A HILBERT SPACE OPERATOR

K.R. DAVIDSON! AND L.W. MARCOUX!

ABSTRACT. In this note, we show that if a bounded linear operator T'
acting on an infinite dimensional, separable, complex Hilbert space # is
not of the form scalar plus compact, then every bounded linear operator
on H can be written as a linear combination of 14 or fewer operators
unitarily equivalent to 7', as a linear combination of 6 or fewer operators
similar to T', and as a sum of 8 or fewer operators similar to 7. When T'
is not polynomially compact, the set of all sums of 2 operators similar
to T is dense in B(#), while if T is polynomially compact, but not of
the form scalar plus compact, then the set of sums of 3 operators similar
to T is dense in B(H).

There is an extensive literature about results which express operators
on Hilbert space or elements of various algebras as sums or products of nice
operators, such as projections, idempotents, symmetries, diagonal operators,
etc. [12, 15, 16, 19, 20, 21, 23, 24, 25, 27, 30]. In particular, see the survey
paper by Wu [31]. The purpose of this paper is to contribute to this arcana
by showing that there is actually nothing special about using a nice operator,
and that in fact almost any operator will do with reasonably small universal
bounds.

More precisely, we investigate whether every operator may be expressed as
a sum or linear combination of operators which are similar or even unitarily
equivalent to a single given operator 7. An immediate obstruction arises if T'
has the form scalar plus compact, as the set of such operators is a similarity
invariant closed subspace. Surprisingly, this is the only obstruction!

We will show that when T is not of the form scalar plus compact, every
operator is the linear combination of 6 operators similar to 7" and the sum
(without scalar multiples) of 8 such operators. When using operators uni-
tarily equivalent to 7', there is an obvious norm obstruction for sums, so
we only consider linear combinations and show that 14 terms suffice; and in
fact, 8 terms is sufficient if the operator is not normal plus compact with the
essential spectrum contained in a line segment. Even though these results
are relatively small, they are too large to expect them to be sharp, and lower
bounds are very difficult to obtain. The best result shows that at least 5
terms are needed in general for linear combinations of similarity orbits. So
6 is an excellent bound.
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In this regard, we do significantly better when we only require the norm
density of these sums. Precisely, we show that if 7' is not polynomially
compact, then the set of sums of only two operators similar to 7' is dense
in the set of all bounded operators. We show that three terms are needed if
T is quadratically compact. This is used to prove that for all polynomially
compact operators T" which are not scalar plus compact, the sums of three
operators similar to 7" is dense in B(H).

1. NOTATION

Let H be a complex, separable, infinite dimensional Hilbert space. We
denote by B(H) the algebra of bounded linear operators on #, and by
K(H) the ideal of compact operators. The canonical map from B(H) to
the Calkin algebra B(H)/K(H) is denoted by w. Given T € B(H), the
unitary orbit of T is U(T) = {U*TU : U is unitary}. We write 7' ~ R
if R € U(T), and we say that T and R are unitarily equivalent. Two
operators T' and R are similar if there exists an invertible operator S
such that S™'T'S = R, and the corresponding similarity orbit of T is
S(T) = {S7!TS : S is invertible}. More generally, for M C B(H), we
define the unitary orbit Y(M) = {U*MU : M € M, U is unitary} and sim-
ilarity orbit S(M) = {S7'MS : M € M, S is invertible}. We say that M
is unitarily invariant (respectively similarity invariant) if U(M) = M (re-
spectively S(M) = M). We also will say that 7" and R are approzimately
unitarily equivalent (write T ~, R) if there is a sequence of unitary oper-
ators U, such that R = lim,, U, TU;;, or equivalently if 4(T) = U(R). The
operator T is said to be quasinilpotent if its spectrum o(T') = {0}, and T
is called polynomially compact if ©(T) is algebraic, i.e. if p(«(T)) = 0 for
some polynomial p.

It was shown by Fong, Miers and Sourour in [14] that if £ C B(H) is
a linear manifold, then £ = U(L) if and only if £ = S(£) and that both
of these notions are equivalent to £ being a Lie ideal, i.e. if L € £ and
A € B(H), then AL — LA € L. Moreover, they independently obtained
Topping’s result [28] that any Lie ideal £ of B(#) is either contained in the
algebra T =CI + K(H) = {M + K : A € C,K € K(H)} or equals B(H).
Operators in 7 have been referred to as thin in [11], but this nomenclature
is not universal.

Given a subset M of B(#), let £, M denote the set of operators which
are the sum of n elements of M; and let CM = |J, ¢ AM. From the Fong,
Miers and Sourour result, it follows that if T is an operator and T & T,
then |J,;2 | £,CU(T) is a unitarily invariant subspace of B(#) which is not
contained in 7, and thus must coincide with B(#). In other words, every
operator X € B(#) can be written as a finite linear combination of operators
Ty, each of which is unitarily equivalent to 7. A similar result holds with
unitary equivalence replaced by similarity.
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We define

Br(X) =min{n e N: X € £,CU(T)}
br = sup{Br(X) : X € B}
pr(X) =min{n e N: X € £,CS(T)}
pr = sup{pr(X) : X € B(H)}
or(X) =min{n e N: X € £,5(T)}

or =sup{or(X) : X € B(H)}.

The notation op should not be confused with the spectrum o(7T) of T.
Evidently, 2 < pr < min{f8r,o7}.

In [20], the second author raised the question: for which operators T is
Br < oo? The purpose of this note is to answer this question by proving
that if T ¢ T, then 7 < 14, ur < 6 and o < 8. There is also a topological
version of these results. We write

Br(X) =min{n e N: X € ,,CU(T)}
Br = sup{Br(X) : X € B(H)}

fr(X) =min{n e N: X € 3,,CS(T)}
fir = sup{pr(X) : X € B(H)}

or(X) =min{n e N: X € £,5(T)}
or =sup{or(X): X € B(H)}.

Again, 2 < fir < min{By,or}. Also it is clear that By < Br, iy < ur and
or < or. We will prove that if T' ¢ T, then o7 < 3 and in fact g =17 =2
if T is not polynomially compact.

2. SPANS AND SUMS OF UNITARY AND SIMILARITY ORBITS

2.1. Given two operators A and B, we shall say that A is a dilation of B—

or equivalently, B is a compression of A—if we can find operators Zs, Z3 and

Z4 so that A ~ [ZB 22] Our estimate for By will rely on the following
3 44

result of Fong and Wu [16]. Recall that an operator D € B(H) is said to be

diagonal if there exists an orthonormal basis {e,}52; of H and a bounded

sequence {d,}> ; C C such that De, = dnpe,, n > 1. We denote by D the

set of diagonal operators.

2.2. Theorem. (Fong-Wu) FEvery operator X € B(H) admits a diagonal
dilation D with ||D|| < 2| X||.

Indeed, the factor 2 may be replaced with 1+ . Any contraction dilates
to a unitary; and any unitary may be dilated to a normal operator of finite
spectrum whose convex hull contains the unit circle.
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2.3. Recall that the numerical range of an operator T' € B(#) is the set
W(T) = {(Te,e) : e € H,|le|]| = 1}. The essential numerical range of T
is We(T) = Niexy W(T + K). 1t is well-known that W(T) and W(T)
are non-empty and convex, and that W,(T') is compact and contains the
spectrum of #(T') in B(H)/K(#H). Moreover, A € W,(T) if and only if
there exists an orthonormal set {e,}°° ; such that li_)m (Tep,en) = A. One
n—odo
also defines the numerical radius as w(T) = sup{|\| : A € W(T)} and the
essential numerical radius as we(T) = sup{|\| : A € W(T')}. One has
sITIN<w(T) < |T| and 5|7 (T)] < we(T) < [|m(T)]-

For more information regarding the essential numerical range, we refer the
reader to Fillmore, Stampfli and Williams [13]. We shall require the follow-
ing result due to Anderson and Stampfli [1].

2.4. Theorem. (Anderson-Stampfli)

(a) T €T if and only if W(T) = {A} for some complex number .
(b) Let T € B(H) and suppose that o, 3 € We(T). Then T can be repre-

sented as
D1 0 *
0 D2 *
* * %

on Hi ® Ho & Hiz, where each Hy is isomorphic to H, and where
D, = diag{a,, }22, and Dy = diag{f,}>2 ; are diagonal operators with

lim a, = « and lim G, = (.
n—oo n—oo

2.5. Lemma. Suppose T' € B(H) and 0 lies in the interior of W(T'). There
exists 6 > 0 so that if W € B(H) with |[W| < 4§, then W admits T as a
W W,
Ws Wy’
Proof. Since 0 lies in the interior of W, (T'), there exists € > 0 so that ei* are
in We(T) for 1 <k <4. Let § = £/3. An easy generalization of Theorem 2.4

shows that # can be decomposed as EBZZI’H;C so that with respect to this
decomposition, T can be represented as

D,
D,

dilation; i.e. there exist operators Wy, W3 and Wy so that T ~ [

Ds
Dy
% % % %

X X ¥ ¥ X%

where each Dy = diag{a,(k)}22, for some sequence {ay,(k)}22 , satisfying
lim o, (k) = €if, 1 < k < 4. Without loss of generality, we may assume that

n—oo

|an (K)—€i®| < €/100, n > 0. If we set B,, = diag{an (1), an(2), an(3), an(4)}
for n > 0, then &}_, Dy, ~ &%, B,. Since the numerical range of a complex
matrix is convex and must contain its spectrum, it follows that the ball of
radius 26 is contained in W (B,,) for all n > 0.
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Now, given n > 0 and ¢, € C with |¢,| < 2§, we can choose a basis
{Wian+1, Win+2, Win+3, Want+4} for the space J, upon which B, acts so that

B ~ ¢y  Bno Span{w4n+1}
"7 | Bns Bpa | span{winio, Wini3, Wania}

Let N7 = span{wy,+1}%°, and Ny = span{wan+2, Win+3, Wan+4 150 - On
decomposing ®_, Hy, as N1 & (N, & Hs), we have
T ~ [ C = ] ’
* ok
where C' = diag{c, }32,.
Let W € B(H) with [|[W|| < é. By the Theorem of Fong and Wu, W can

be dilated to a diagonal operator D with | D|| < 26. From above, any such
D is a compression of T. Hence for any W € B(H) with ||W|| < 4§, there

exists an operator of the form [11/ :] inU(T). O

We isolate two calculations which will be used repeatedly in the sequel.
2.6. Lemma.
A B
(a) Suppose T = [C’ D] . Then 2(A @ D) € 3oU(T) C Xo8(T).

(b) Let f: B(H) — B(H) be an arbitrary function. Suppose that My and
My are unitarily invariant subsets of B(H) ~ B(H & H) such that
M contains every operator of the form A ® f(A) for A € B(H) and
My contains every operator of the form B @ 0 for B € B(#H). Then
B(H) = M1 + Ma.

C D —C
204 D) =T+ T, € 3U(T).

(b) It is well known (see for example [16]) that every operator X admits
an infinite tridiagonal form X = [Y;] for ¢,7 > 1 with Y;; = 0 if [i — j| > 1
with respect to some decomposition H = ®2° H,, into finite dimensional
blocks. Now define subspaces K1 = @2 (Han, K2 = 2 o(Hant+1 ® Han+3)
and K3 = @52 (Han+2. Then with respect to H = K; @ K2 @ K3, X admits
a 3 x 3 tridiagonal form

Proof. (a) Observe that T' = [A B] ~T = [ 4 _DB], and therefore

X1 X2 0
X = |Xo1 Xop Xo3
0 X3 Xs3

By our assumption, there exists an operator Z € B(#) so that

X1 X2 0
M; = Xo1 X990 O EMl.
0 0 Z
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0 o0 0

Also, My = |0 O Xosg lies in Mo, and hence X = M; + M>
0 X309 X33—2

belongs to M7 + M. O

Observe that by setting f to be the zero function, we may also conclude

that B(H) = Yo Mo.

2.7. Lemma. Let A € C, B € B(H) and A = B B(®) @ —B(>). [f
T € B(H) admits \I + A as a compression, then B®0 belongs to L4CU(T).

M+A Zy
Zs 74

Ty = 2((\ + A) @ Zs) = (2A] +2(B @ B @ —B™)) @ 2Z,.
Since —A ~ B@® —B(®) @ B(*) we find that X,CU(T) also contains
Ty ~=2(A[+A) @ —-2Z,
~Ty = (—2X\ +2(B @B @ B™)) & —22,.
Hence Th + T, ~ 4(B @ 0) € £4CQU(T), which is clearly sufficient. O

Proof. Suppose T' = [ ] By Lemma 2.6 (a), XoU(T') contains

2.8. Theorem. Let M C B(H) and suppose that M is unitarily invariant.
Suppose furthermore that for each A € B(H), there is an operator L(A) in
CM which admits A as a compression. Then B(H) = SgCM. That is,
every operator in B(H) can be expressed as a linear combination of 6 or
fewer operators in M.

Proof. Our assumption is that if we are given any A € B(#), we can find

L(A) € M so that L(A) ~ [; gﬂ By Lemma 2.6(a), Lo(A) = A& Z4
3

lies in £oCM. If B € B(H) is arbitrary, then with A = B @ B(®) @ —B()

and A = 0, it follows from Lemma 2.7 that B® 0 € £,CU(L(A)) C £,CM.

We then apply Lemma 2.6 (b) with M; = ¥2CM and My = £,CM to
conclude that B(H) = M1 + My = 3gCM. O

2.9. Theorem. Let T € B(H) be an operator which is not of the form scalar
plus compact.

(a) If O lies in the interior of the essential numerical range W(T) of T,
then every operator X € B(H) can be expressed as a linear combination
of 6 or fewer operators unitarily equivalent to T. Thus Br < 6.

(b) If the essential numerical range We(T) has non-empty interior, then 8
operators unitarily equivalent to T will suffice, and so Br < 8.

(¢c) In the remaining case, T is normal plus compact with essential spec-
trum contained in a line segment. Then every operator X € B(H) can
be written as a linear combination of 14 or fewer operators unitarily
equivalent to T, i.e. By < 14.
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Proof. (a) This is an immediate consequence of Lemma 2.5 and Theo-
rem 2.8 applied to U(T).

(b) Suppose W,(T) contains the point A in its interior. By Lemma 2.5,
there exists § > 0 so that if ||A|| < §, then A + AI admits 7" as a dilation.
Suppose B € B(H) is arbitrary and let A = (6/2||B|))(B ® B(™® @ —B(™),
Using Lemma 2.7 and the fact that 34CU(T) is invariant under scalar multi-
plication, we find that B®0 € X,CU(T'). The comment following Lemma 2.6
implies that XsCU(T) = B(H).

(¢) When W,(T) does not have interior yet 7" is not of the form scalar
plus compact, W,(T') contains at least two points. As W,(T') is convex and
compact, it must in fact be a line segment of the form [«, 5]. First suppose
that W,(T) is contained in Rt. If A is the image of n(7) under a faithful
-representation on K, it follows that W(A) C R*. That is, (Az,z) > 0 for
all x € K, whence A is positive. Therefore T' is positive plus compact. In
general, by translating 7" by a scalar and multiplying by a non-zero constant,
we reduce to this case; and hence T is normal plus compact with essentail
spectrum contained in the line segment W, (T').

By Theorem 2.4, we can decompose H as @%:lﬁk so that the correspond-
ing operator matrix for 7' is:

D1 *
D2 *

D3 * |7
¥k % %

T:T]_:

where D1 = ol + K1, Dy = al + Ko, D3 = BI + K3 and K} are compact
diagonal operators for 1 < k < 3.
Then T is unitarily equivalent to

D3 0 0 * Dy 0 0 =

o 0 D1 0 =* ~ o 0 D3 0 =
=1y o Dy * ~Ts = 0 D
* ok ok % * ok %

Now T +iT5 € £oCU(T), and {a+i8, a+ia, B+ia} C W (T1+iT%). Since
these three points are never colinear in C, the convex set W (T + iT>) has
interior. The proof of (b) shows that for any B € B(H), B & 0 belongs to
SuCU(T) + iT2) C SsCU(T).

Now note that $3CU(T) contains the operator R = (8—a) ™! 22:1 Wk Ty,
where w = €*™/3, We claim that 0 lies in the interior of W,(R). Indeed,

2(T+7) 0 0 =

R 0 (I+ Jo) 0 *
= 0 0 wl+J5)
* * * *

where J1, J> and Js are compact. It now follows from [13] that {1,w,w?} is
contained in W,(R), and hence 0 lies in the interior of the convex set W, (R).
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Using Lemma 2.5 and Lemma 2.6 (a), we conclude that for any operator
A € B(H) there exists Z € B(H) so that A® Z € L,CU(R) C SgCU(T).
Finally an application of Lemma 2.6 (b) tells us that B(H) = 31,CU(T),
completing the proof. O

Recall that a unilateral (respectively bilateral ) weighted shift on H is a
map V € B(H) so that Ve, = vpen+1 where {e, }nen (respectively {ep}nez)
is an orthonormal basis for H and {vp}nen (respectively {v,}nez) is a
bounded sequence of complex numbers. It is well-known that the spec-
trum and essential spectrum of a weighted shift have circular symmetry,
ie. if z € o(V) (respectively z € o(m(V))), then Az € o(V) (respectively
Az € o(w(V))) for all |A| = 1. Moreover, when V' is not compact, the spec-
tral radius of w(V) is strictly positive. Since W,(V') is convex and contains
o(n(V)), the above Theorem implies:

2.10. Corollary. Let V be a non-compact weighted unilateral or bilateral
shift. Then B(H) = X6CU(V'). Thus By < 6.

This improves a result of [20], where it was shown that every X € B(H)
is a sum of 18 or fewer weighted shifts, not necessarily unitarily equivalent
to each other. It would be interesting to know if there exists an operator 1T'
so that S < 6, and more generally, what the minimum possible value of Gr
is as T ranges over B(H).

2.11. Corollary. If T' is not normal plus compact with essential spectrum
contained in a line segment, then B(H) = XgCU(T). Thus Br < 8.

2.12. Remark. If T € T, then Y(T) C T and any linear combination
of operators in 7 is again in 7. In general, however, we do not expect
Up>1 2nCU(T) = T. K(H) contains many ideals, including amongst others
the ideal of finite rank operators and each of the Schatten p-classes &,(H).
(See, for example, [10] for the definition and properties of these ideals.) If
T = M + K and K lies in such an ideal, then any linear combination of
operators unitarily equivalent to T is again of the form al 4+ L where L lies
in that ideal.

We also cannot expect a uniform bound f (independent of T') when ex-
amining this problem on a finite dimensional space. There, rank plays a
factor, so that if P € M, (C) is a rank one projection, then the identity
operator I, € M, (C) can be expressed as a linear combination of no fewer
than n copies of P. We do, however, draw the reader’s attention to the
paper [19] of Laurie, Mathes and Radjavi which deals with the question of
which n X n matrices can be expressed as a sum of k£ idempotent matrices.
Also Wang and Wu [30] obtain interesting results on expressing matrices
(and operators) as sums of nilpotents of order 2.

These remarks apply equally well to the case of spans of similarity orbits.

For spans of similarity orbits, we have the following result:



LINEAR SPANS OF UNITARY AND SIMILARITY ORBITS 9

2.13. Theorem. Let T € B(H) and suppose T is not of the form scalar plus
compact. Then every bounded linear operator on H can be written as a linear
combination of 6 or fewer operators similar toT. That is, B(H) = LCS(T),
and so ur < 6.

Proof. By Theorem 5 of [1], given A € B(#) we can find @ invertible so
that

orre=[ 2 7]

for some Z,,Z3 and Z4. Since S(T') is clearly unitarily invariant, we can
once again apply Theorem 2.8 to obtain the conclusion. O

2.14. Remarks. The case of projections has been well studied. In particu-
lar, it has been shown [23, 21] that every self-adjoint operator is a real linear
combination of 5 projections, but one is a scalar. Combining two such sums
and replacing the sum of two scalars by a linear combination of two proper
projections, one obtains that every operator is the sum of 10 proper projec-
tions. One can verify that their formulae yield projections of infinite rank
and nullity, so that one obtains X10CU(I & 0) = B(H) or prgo < 10.

On the other hand, it has been shown c.f. [31, 25] that the sum of four
idempotents cannot equal —I. Conversely, it was shown by Pearcy and
Topping [24] that every bounded linear operator X is a sum of 5 idempotent
operators. An examination of their proof shows that all five idempotents
that they use are similar to T =1 & 0. So orgp = 5.

The next theorem can be viewed as a generalization of the Pearcy and
Topping result to arbitrary non-thin operators. This aspect of using op-
erators similar to a single operator was not part of the considerations of
Pearcy and Topping, and arose merely because the similarity classes of an
idempotent are rather limited, being a function only of rank and nullity.

They also show that every operator is the sum of five nilpotents of order 2.
In this case however, even though all nilpotents of order 2 are similar to an

0 )(f , there are many different similarity classes and
their argument does not actually imply our result for any nilpotent of order
2. However a lower bound comes from a result of Wang and Wu [30] where
it is shown that sums of four nilpotents of order 2 are always commutators;
and thus the identity is not such a sum. Hence pg = og > 5 for any () with
Q% = 0. Theorem 2.13 shows that o = pug < 6 if Q is not compact. This
shows that Theorem 2.13 is rather close to being sharp.

operator of the form [0

We now turn to the question of sums, rather than linear combinations
of the similarity orbit. One would expect, a priori, that many more terms
would be needed. However, the same techniques require only two extra
terms.
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2.15. Theorem. Let T' € B(H) and suppose T is not of the form scalar
plus compact. Then every bounded linear operator on H can be written as
a sum of 8 or fewer operators similar to T. Hence B(H) = XgS(T), or
equivalently, op < 8.

Proof. The proof of Theorem 5 of [1] shows that there is an operator Z so
that 7" is similar to an operator of the form

0 I
00
* ok

N * *

Given A € B(H),

o oo [ 7= A

and so T is also similar to

A I x
T1 = —A2 —A *
* x 7

The key issue is that the operator Z is independent of A.
Let U = I ® wl ® w?I, where w = ¢>™/3 is the cube root of unity. Then

T+ UNYU*+U'TU =3Ad—-A® Z) € 235(T).
In particular, given B € B(H), we can choose A= (B® —-B® Z® —Z)(™).
Note that
A —-AZ)~3A~3(BdA) ~3(Ba —A).
Adding the last two terms, we find that 6B & 0 € LS(T). Since B was
arbitrary, C @ 0 € 36S(T) for all C € B(H).

Moreover, by Lemma, 2.6 (a), we also find that 2 (A D [_*A 2

to XoS(T) for all A € B(#H). So by part Lemma 2.6 (b), it follows that

) belongs

We point out two special cases of interest where we can improve the
estimate.

2.16. Proposition. Let Z € B(H). If T is similar to an operator of the

form [(0) é] @ Z or [é 8] @ Z, then L6S(T) = B(H), and hence o < 6.

Proof. Suppose first that T is similar to [8 é

modification of that of Theorem 2.15, if we simply note that given A € B(H),

T is similar to [_iQ _IA] @®Z andso 2(A@—Ad Z) € £25(T), from which

] @ Z. The proof is an easy
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the above calculation yields C®0 € ¥£4S5(T') for all C € B(H), which in turn
accounts for the reduction of 2 in the estimate for or.

Next suppose that T' is similar to O] @ Z. Then for any A € B(H),

1

00
A A- A .
T~ 17 1.4 @ Z, and hence 2(A @ (I — A) ® Z) € L8(T). Fix

BeB(H)andlet A= (B (I —B)® Z® (I — Z))(*). Then
Ad(I-A)@®Z~A~BoA~Bao(I—A).

Adding the last two expressions, we find that 4(B @ I) € 4S(T).
Moreover, setting f(A) = (I — A) @ Z, we see that 2(A® f(A)) € 225(T")

Xn X2 0
for all A € B(H). Given X = [X9; X9 Xos| arbitrary, it follows that
0 Xz Xz
T(X1—-4) X2 0 1 0 0
X=2| 3Xa 35X 0[+4]|0 0 1 X3
0 0 Y 0 X3 1(X33—2Y)

1 — 1
lies in 3¥6S(T'), where Y = f( [2()511 4 %Xm] ) Thus or < 6. a
5X21 5 X022
We have already pointed out that lower bounds for these estimates are
not easy to obtain. The following is an exception.

2.17. Proposition. Let T € B(H). Not every operator can be expressed as
a sum of two operators similar to T, and so op > 3.

Proof. Suppose otherwise, i.e. suppose o = 2. Then for all A € C, there
exists 11, T> € S(T) so that T + T5 = AI, and thus 71 = A — T5. But then
the spectra o(T1) and o(T5) of T and T, coincide with that of 7', namely
o(T), and hence they must be fixed. This leads to a contradiction of the
Spectral Mapping Theorem. O

3. APPROXIMATION RESULTS

Suppose T' ¢ 7. The main result of this section is that if 7" is not
polynomially compact, then Gy = 2, and if T is polynomially compact,
then fip < 3. Furthermore, we show that if T is quadratically compact, i.e.
there is a polynomial p of degree 2 so that p(T') is compact, then z; = 3.
So 3 is in fact a sharp estimate in these cases.

3.1. Following [18], we shall write A — B to indicate that B € S(A).
S1m
This is a transitive relation, so that if A — B and B — C, then A — C,

sim sim sim
but it is not symmetric.
Suppose that R is a universal quasinilpotent in the sense of [18], i.e.
o(R) = {0} and 7(RF) # 0 for any k& > 1. Tt was shown independently

by Apostol [2] and Herrero [17] that the closure of the similarity orbit of R
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contains every other quasinilpotent operator (hence the terminology “uni-
versal”). More precisely, the closure of the similarity orbit of R coincides
with the set of all biquasitriangular operators whose spectrum and essential
spectrum are connected and contain the origin (c.f. [18]), where an operator
T € B(H) is biquasitriangular if both T and T* have compact perturba-
tions which are (upper) triangularizable with respect to some (potentially
different) orthonormal bases ordered like N. It is a deep result of Apostol,
Foiag and Voiculescu [3] that biquasitriangular operators are characterized
by the index conditions nul(7" — AI) — nul(T"— AI)* = 0 whenever 7(T — AI)
is either right or left invertible in the Calkin algebra.

3.2. Remarks. We gather a number of facts which will be useful below.

(a) The following result is a special case of the Rosenblum-Davis-Rosenthal
Corollary and can be found in [18], Corollary 3.22. The proof depends upon
the invertibility of Rosenblum operators 7z,; 7. when the spectra of Z;; and
Zj; are disjoint.

Z11 Zln

0 Zog ...  Zop . . .
Hz=1. ] ] . |,andifo(Z;)No(Z;) = ¢pifi # 7, then Z

0 0.. 0 Znn
is similar to @} _,; Zg-
(b) The Apostol-Morrel simple models [4] (see also [18], Chapter 6.1) are
bounded operators similar to a finite direct sum of essentially normal op-
erators (i.e. m(Mj) is normal in the Calkin algebra) with pairwise disjoint
spectra. It was shown in [4] that every operator in B(#) can be approxi-
mated by simple models.

Note that if My is essentially normal and 8 € o.(My), then My ~,
My, & BI [7]. From this it follows that the similarity orbit S(M) is dense
in B(H) if M contains all operators of the form A @ A\ where A is taken
from any norm dense subset of B(#H) and X is restricted so that A € o(A)
or 0 < |[A] < ||]A]l. We will use these two variants. Thus to show that a
similarity invariant set of operators is dense in B(#), it suffices to show that
it contains one of these sets of operators.

(c) Let X € B(#H), and suppose that p is a faithful representation of
C*(m(X)). From Voiculescu’s non-commutative Weyl-von Neumann The-
orem [29], we know that X ~, X @ (p(n(X)))(*®). As a simple conse-
quence of this result, if X is any operator and n > 1 is a positive integer,
then X is approximately unitarily equivalent to an operator of the form
X190 XD @ Xy,

(d) Suppose that L; and Lo are nilpotents of order two, that both have

0 as an infinite dimensional direct summand, and that neither Ly nor Lo

is compact. By Proposition 8.5 of [18] (see also Section 8.4 of the same

reference), L1 — L9 and Ly — L4, or in other words, S(L;) = S(Ly2).
S1m

sim
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(Herrero attributes this result to C. Apostol and D. Voiculescu in an unpub-
lished manuscript.) Indeed, any non-compact nilpotent of order 2 contains
0 I

the operator W = [O 0

] @ 0 in the closure of its similarity orbit.

3.3. Lemma. Suppose that A ~ B @ C, where C ~ C(®). To show that
o4 <3, it suffices to show that S(B) + S(C) + S(C) is dense in B(H).

Proof. Suppose that we can do this. Then for any Y € B(H), it follows
from 3.2(c) that Y ~, Y & Z @ Z for some Z € B(#). Then

A~A =BoCpC~A=CeBadC~A3:=CCdB.
Find invertible operators R and Sy for k = 1,2, 3 so that
|(RT'BR; + R;'CRy + R;'CR3) — Y| < ¢,

and
|(S;IBSy + S51CS + S51CS3) — Z|| < e.

It easily follows that with G1 = Ry & So & Sy, Go = Ry & S1 & S3 and
G3 = R3 ® S3 ® S1 we have

[(GT'A1G1 + G AsGo + G5 ' A3Gs) — (Y @ Z & Z)|| < e,

and hence Y € ¥3S5(A); and thus 54 < 3. O

3.4. Lemma.

(a) IfT>,Th®To® - DTy, then or <max{or, : 1 <i <m}.

(b) IfT~,T1®To®---® Ty, then or < 2min{or, : 1 <i < m}.

(¢) Tsr4er = or for all scalars s,t € C with s # 0.

(d) If Ae S(T), then 5p <T4.

Proof. Since T and T & To & - - - ® T, have the same closed unitary orbit,
we may assume that 7T actually equals this direct sum for the purpose of
computing r. Let max{or; : 1 <i <m} =r. By 3.2(c) above, given X in
B(H), we can find X € B(H) for 1 <k <mso that X ~, X1 ®&--- & X,,.
Let ¢ > 0 and choose S;(k) invertible in B(H) for 1 < j < r so that
152521 Sj(k) ™' T3S (k) — Xg|| < e. Then

H Ei: (&1 Si(k) T (@ Si(h)) ~ GBkmlekH <e

which is clearly sufficient.

For part (b), we may collapse all but one summand into a single term, so
that T' ~, T1 @ T>. We may suppose that r = o1, takes the minimum value
of the o7;. Again write an arbitrary operator as X ~, X; & X3. Choose
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invertible operators R; and S; for 1 < j <7 so that

r
||(X1 — T‘TQ) — ZR;lTleH < &€
j=1

,
I(Xy —rTo) = ) S; TS| <e.
j=1

Then
ZT:R]- 07" [Ty 0 R; 0] [0 N[ o]fo I
2ol 1] o mf[o 1] T[s; o] [0 Bf]s; 0
]:

approximates X; @& Xs to within €.

(c) Suppose that 3,8(T) is dense in B(#), and consider sT+¢[ for s # 0.

Given X € B(#H), set Y = s71(X —rtI). Choose Ry invertible for 1 < k <r
so that || Y5_; Ry 'TR; — Y| < |s| 'e. Then

T T
H 3" Ry NsT + )Ry, — XH —|s] H S RYITR, - YH <e.
k=1 k=1

Clearly this process is reversible, so G741 = o7
(d) is straightforward. O

3.5. Theorem. Suppose T1,Ty € B(H) are not polynomially compact. Then
S(Th) + S(T2) is dense in B(H). In particular, o1, = 2.

Proof. Since T} is not polynomially compact, it follows from [5], Theo-
rem 9.1 that Ty — 7D, where r = ||T1|| 4 ||72|| and D is a normal operator
Sim

whose spectrum is equal to the closed unit disk D = {z € C : |2| < 1}.

Given X € B(#), index considerations show that X & (r + || X||)D is biqu-

asitriangular and has spectrum containing rD. From the Similarity Orbit

Theorem [5], Theorem 9.1, we then find that rD pom X & (r+||X|))D, and
111

likewise 7D — 0@ (af — (r + || X||)D) if |o| < || X].
S1im

Thus X @ af € %3S8(rD) C S(T1) + S(12). By 3.2(b), S(T1) + S(13) is
dense in B(H). Take T, ~ T} to obtain o1, = 2. O

3.6. Lemma. Suppose that P is a projection of infinite rank and nullity.
Let C € B(H) with 1 € o(C). Then X3S(P & C) is dense in B(H), i.e.
opec < 3. This includes the case when C' is non-ezistent.

Proof. Observe that P ~ P(®) and so P® C ~ P(*®) @ (P® C ®0). Let
D ~ C@®0. We will apply Lemma 3.3 to P & (P & D). That is, it suffices
to show that S(P) + S(P) + S(P @ D) is dense in B(H). Moreover, using
3.2(b), it suffices to approximate operators Y of the form A @ A\I where A
comes from a dense set of operators and A € o(A).
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We may assume that A + (A — 2)I — D is not scalar plus compact, for
if it isn’t, we merely add a small perturbation to A to make it so. By the
Brown—Pearcy Theorem [8], we can find W, X € B(#) so that

A+(A=2)I-D =W, X]| =WX — XW.
Let V=A—- WX — D. Then

WX W vV oV
%= [X—XWX I—XW] and - Zy = [I—V I—V]

are idempotents of infinite rank and nullity, and hence are similar to P.
Since o(D) N {1} = (o(C) U {0}) N {1} = 0, it follows from 3.2(a) that

Z3 = [D _W_V]NDEBI:D@P.
0 I
We now compute
Zy+ Zo+ Z3
_ WX |14 n \%4 \%4 n D -W-V
X -XWX I-XW I1-V 1-V 0 I
A 0
:[X—XWX+I—V AI]”A@’\I'

where the similarity follows from Rosenblum’s Theorem. By Lemma 3.3,
this is sufficient. O

3.7. Corollary. Let N be a normal operator which is not scalar plus com-
pact. Then X3S(N) is dense in B(H), i.e. oy < 3.

Proof. First suppose that o.(N) contains {0,1}. Then by the Weyl-
von Neumann-Berg—Sikonia Theorem [6], it follows that N ~, P@® N where
P =01 is a projection of infinite rank and nullity.

Split N ~ Ny @ N, so that Ny — I and Ny are invertible. Then

PON~(PON.)d ((I—-P)®N,).

By Lemma 3.6, pgn, < 3. Likewise, 0pg(7—n,) < 3. Then by Lemma 3.4(c),
the same holds for I — (P @ (I — N3)) = (I — P) ® Np. Finally, by
Lemma 3.4(a), it follows that

oN =0peN < max{TpPeN,,Tra(-N,)} < 3.

To finish, note that o.(IN) contains at least two points. Thus for some
scalars s,t € C with s # 0, 0¢(sN + tI) contains {0,1}. By Lemma 3.4(c),
ON =0sn+t1 < 3. o

3.8. Lemma. Let W = 8 é] @0 and A € B(H) be arbitrary. Then

Y3S(W @ A) is dense in B(H), so that Twga < 3.
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Proof. Since W ~ W(®) by considering Lemma 3.3, it suffices to show
that S(W) + S(W) + S(W @ A) is dense in B(H).

Let 0 # A € C, and suppose that R is a universal quasinilpotent. Denote
by Ry the operator R — AI. Let 0 < € < 1. Since the spectral radius of R
is 0, Rota’s Theorem [26] (alternatively, see Corollary 3.35 of [18]) implies
that we can find an invertible operator B so that ||[B~1R\B + M|| < e. For
any a > 0, we always replace B by aB and B~! by a1 B~!, so that we can
assume a priori that ||B|| < e/||Ry|| at a cost of having ||B || very large.

Ry R)\B
—B_lR)\ —B_IR)\B
of order two, both have 0 as an infinite dimensional direct summand, and
neither N nor W is compact. By 3.2(d), W — N and N — W. Then

sim

sim

Let N = @0. Now both N and W are nilpotents

AN~ | 0 Ry Ry @0

[ A 0 ‘ 0
0 —B7 'R\ |-B 'R\B

X Y 0
~|Z —-B7'R\B 0| =: M.
K 0 0

(4 0], [o ot pe
where X = | RA]’Y_[RA] and Z = [0 —B7'R,].

Let S; denote contractive invertible operators to be chosen later, and
define two nilpotents of order two similar to N and W respectively by

Ni=(S1@IeI)NS;'elal)

SlR)\Sl_l SlR)\B 0
= |-B7'R)\S;! —B~'R\B 0|;
0 0 0

and with V = —ZS;'S1 R B, let

SiRy'B 0 0] [0 0 0] [B7'R\S;* 0 0
Ny = 0 I ol [T 00O 0 I 0
0o VvV I |0o0o0 0 -V I
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Finally define an operator similar to NV @& A by

[$2XS,! SYB 0]
(SeoIe)M(Sy'eIel)=| ZS;' —B7'R\B 0
0 0 0
[SoXS;t 0 SYB
~ 0 0 0 = N3
| ZS,' 0 —B7!R,\B]

Therefore N1, Ny € S(W) and Ny € S(W @ A). Compute

[S1R,\S;! + $2XS,1 SiR\B S,Y B
N1+ Ny + N3 = 0 —B_lR,\B 0
i 0 0 ~B'R\B
[S1RA\ST 4+ 85, XS; 1 0 0
= 0 MO0
i 0 0 M
0 —SiR\B ~S,YB
— |0 B7'R\B+ I 0
0 0 B 'R\B+ A
Consequently,

| (N1 4+ Na + N3) — ((S1RASTH + S2XS2) @ A @ AI)|| < 2e.

As neither Ry nor X = A® R, is polynomially compact, S(Ry) +S(A® R))
is dense in B(H) by Theorem 3.5. From this we see that

SW)+SW)+S(AeW)sT oAl
for any T' € B(H) and A # 0. By 3.2(b), it follows that
SW)+SW)+S(Ao W) =B(H),

which concludes the proof. O

3.9. Lemma. If A is a non-compact operator such that A" is compact for

some r > 2, then A — AD W where W = [0 I] @ 0.
sim 0 0
Proof. Let p denote a faithful *-representation of C*(w(A)). Then Q =
p(m(A))(*) is a non-compact nilpotent operator. By Voiculescu’s non-comm-
utative Weyl-von Neumann Theorem [29], A ~, A @& Q. Thus it suffices
to show that Q — W. Define H; = ker@Q, Hys = ker Q? © ker Q and
S1m
Hs = (ker Q%)1. With respect to the decomposition H = H; @ Ho ® H3, we
can write
0 Q2 Qi3
Q=10 0 Q
0 0 Qs
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Clearly Q12 is injective, and ()33 is nilpotent. Since ) has infinite multiplic-
ity, Q12 ~ 15" is not compact.
Choose Sy, so that ||S;,!Q33Sm|| < 1/m and ||Sy,|| < 1/m. Then

lim (I&1®Sn) QU IS Sy) = [0 Q”] ® 0.

0 0
We can now appeal to 3.2(d) to conclude that Q@ — W. O
sim

3.10. Theorem. Suppose that T is not of the form scalar plus compact.

(a) If T is not polynomially compact, then LoCS(T) is dense in B(H), i.e.
Ar = 2.

(b) If T is polynomially compact, then L3CS(T) is dense in B(H), i.e.
pr < 3.

Proof. Part (a) was proven in Theorem 3.5.

For part (b), suppose that 7' is polynomially compact. Since 7(7T) is
algebraic, o(T) is finite, say cardinality n. We separate the argument into
two cases.

If n =1, then 0.(T) = {A} and so T — AI is essentially nilpotent but is
not compact. By Lemma 3.9, T — T & (AI + W). It follows by Lemma 3.4

S1m

(c) and (d) and Lemma 3.8 that

or S TO+W)eT = Owe(T-A1) < 3.

If n > 2, apply Proposition 5.13 of [18] to observe that there is a nor-
mal operator N in S(T) with 0¢(N) = 0.(T). So by Lemma 3.4(d) and
Corollary 3.7, o7 <oy < 3. O

In general, the estimate of 3 for Zi obtained in part (b) of the above
Theorem cannot be improved, as the following Theorem and its Corollary
demonstrate.

3.11. Theorem. Let q(z) = (x — a)(x — B) be a quadratic polynomial.
Suppose that T; are operators which are not scalar plus compact such that
q(T;) is compact. Then

|71 + T2 — M| > e+ 8 — Al /2.
Therefore o, = 3.

Proof. By Olsen’s Theorem [22], there is a compact operator K; so that

al R;
is an ellipse with foci @ and § that depends only on ||R;||. Let r; be the
length of the major axis length of W,(T;), and let § = |a — |/2. Then the
minor axis is 7} = (7"12 — (52)1/ 2. Without loss of generality, 71 > 79, and thus
ri > rh. Tt follows W, (T3) is contained in W, (T}).

. Hence it is a simple calculation to show that W,(T;)
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Let € = |a+ B — A|/2, and suppose that |17 + To — M| < e. Then
Ty =M — Ty + X where || X|| < e. It follows that

dy (We(T1), We(M - T3)) < || X]| <e¢

where dp is the Hausdorff distance between compact sets. We claim that
the Hausdorff distance between these two ellipses is at least €, which will
yield a contradiction.

Note that W (A —T5) = A—W,(T2) = u+W,(Ty), where p = (A—a—0)/2,
is the ellipse with foci A —a and A — 3, centre y = A —x = x + u, and major
axis 79. The supremum over the larger ellipse W, (T}) of the distance to the
smaller one is at least as great as dy (We(T1), u + We(T1)) = |u| = . To
see that this latter distance is exactly €, note that there is a certain point
on the boundary of the first ellipse at which the tangent line is orthogonal
to p and the distance to the translated ellipse is exactly ¢.

By Theorem 3.10, o7 < 3. However the argument above, using 75 similar
to T4, shows that ¥9S(7%) contains only one scalar and thus 7, > 3. O

3.12. Corollary. Suppose that T € B(H) is not of the form scalar plus
compact. If T? is compact, then

(a) XoCS(T) # B(H), and hence fip = 3.
(b) X4CS(T) # B(H), and hence 5 < pur < 6.

Proof. (a) The point here is that the set of essential nilpotents of order
two is invariant under scalar multiplication as well as similarity. Thus g =
or = 3 by the previous theorem.

(b) Any multiple of T is also an essential nilpotent of order 2. Suppose
that I is the sum of four essential nilpotents of order two. Then in the
Calkin algebra, the identity is the sum of four nilpotents of order two, and
by taking a separable x-representation of the C*-algebra that they generate,
one obtains the identity as the sum of four nilpotents of order two. However,
Wang and Wu [30] show that the sum of four nilpotents of order 2 is always
a commutator; and the identity is not. So ur > 5. On the other hand, by
Theorem 2.8, ur < 6. O

3.13. Example. Let T be a universal contraction
T = 0721 7%y (Tnk ® T )™

where {1}, ;}72, is a dense subset of the unit ball of M, (C) for all n > 1.
We take advantage of this opportunity to correct an error which occurred in
the proof of the lower bound of 3 for 8- for this operator which appeared in
Example 4.7 of [20]. In that paper, the second author correctly showed that
I & $oCU(T), but then misstated the conclusion that By > 3. Although
the proof was incorrect, the result is nevertheless true. This can be seen as
follows:

Suppose ||[I — MTy — XoTo|| < 1 for some Ay, A € C and Ty, Ty € U(T).
Since Ty, ~, €Ty, for all € R, there is no loss of generality in assuming
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that each Ay > 0, £k = 1,2, and that Ao < A;. Moreover, by replacing
Ty, by approximately unitarily equivalent copies of themselves, we may also
assume that 1 and —1 are eigenvalues of T} for £ = 1,2. Choose z € H
so that ||z|| = 1 and Tz = —z. Then from ||(1 + A1)z — AoThz| < 1, and
the fact that [|T|| = 1, we conclude that A2 < A;, a contradiction. Thus
the operator I cannot be approximated by elements of XoCU(T'), and so
By > 3. As was shown there, 8, < 3, and hence B, = 3.
On the other hand, by Theorem 3.10, i = 2.
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