NONLINEAR RANDOM
SCHRODINGER EQUATIONS

Nonlinear lattice Schrodinger equation

d=1

o . 2 L

1q; + Viq; + e(qj—1 + qjq1) + 0qjlgj|® =0
Frohlich-Spencer-Wayne (J.Stat.Ph., 1986)
Problems

(i) Diffusion problem

Growth of D(t) = (352|q;(£)[2)"/” for t — 00?
(ii) Nonlinear localization?

(iii) Construction of almost periodic and
quasi-periodic solutions

Recent (W. Wang + B): general theory of
quasi-periodic solutions for ¢,§ small

(in arbitrary dimension),

(to appear in CMP).



More general finite-range models

H(q,q) =Y Vilg;|* + € (Gaj11 + ¢;541)
J
ReZAJ— H a *q,"
7 kIESj
where

Sj C []_Ca.]_'_C]a

an = Znﬁc,él < Z(nk—l—nﬁc) <C

(systems of coupled harmonic oscillators)
Theorem: (F-S-W) (¢ =0)

Existence of invariant tori of ‘FULL’
dimension with action variables of decay

I; < e 1" (a>d=1)
J. Poschel (CMP, 1990)

Milder decay assumptions
I; < e~ Uoglih® (o > 1)



CASE € #0
Underlying linear operator H = V+cA

Problems

e Diophantine properties of eigen-
values

e Need to consider more general non-
linearities

Quasi-periodic solutions
A= (A1,...,) tangential frequencies
{#o.} normal frequencies

1° Melnikov conditions k.\+ p, # 0
(4 lower bounds)

2% Melnikov conditions k\+ o — g #
O0(a # B)

Improved KAM technology requires
only 1° Melnikov condition (invariant

tori may have positive Lyapounov ex-
ponents)



At each step of iteration, need to
control Green’s function of (non-diagonal)
linearized operator on 7Z°*t?% with mixed

random and quasi-periodic features

l l

Toeplitz in &

diagonal rapid decay in j

Use of methods from B, Goldstein, Schlag
(Acta Math. 2002)

Subharmonic function technique

Semi-algebraic sets
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APPLICATION

Construction of quasi-periodic solutions
of Landau-Lipschitz equations for nonlin-
ear classical spin waves

S;j=8; A ((AS); +hy f)
j € Z%, (h;) large random

Sj:Sj€R3 |Sj|=1
S; appears as quasi-periodic perturbation
of f
f

—
S;




DIFFUSION PROBLEM (d = 1)
H(g,q) = _ Vjlg;|*+
J
€ Z(Qj%‘ﬂ + ¢ j+1)+
J
Re Z)\j H q?’“q}z;"

J kESj

where

an — Znﬁg;él < Z(nkntnﬁc) <C.

Linear Case: \; =0
Anderson and dynamical localization

sup D(t) < oo.
t
Theorem. Assume |[\;| < ¢|j|7" and ¢ <
e(1,x) then
D(t) < t* for t — oo.
Use of Nekhoroshev type methods.

6



Problem of construction of invariant tori
of full dimension under explicit /realistic de-
cay conditions on action variables

NLW 11—y +Vy+0(y®) =0 (B; GAFA, 1996)

NLS ius + Uz + Vu + eW (Wu|Wul|?) =0
(Poschel; EDS, 2002)

1D (Dirichlet boundary conditions)
Typical potential V
Dirichlet Spectrum

1 1
pn (V) = 7r2n2+co(V)+cl(V)ﬁ+- : -+OR(V)n—R+O(n*R“1)

W = smoothing operator

Method: Consecutive perturbations of finite
dimensional tori

= Very fast (non-explicit) decay of action-
variables



REALISTIC DECAY CONDITION

Teorem: 1D NLS with random multipliers

9,
WUt + Uge + Mu + 5£P(|u|2) =0

Mu = "V ifj)e* e
JEZ
Vi € [-1,1] independent parameters

= invariant tori of full dimension with
action variables

I, ~ e~ Inl° 0<a<1)
monomials in nonlinearity of the form
Iny @nsGnsng *  * Qnge—y Inas
not short range but satisfying
N1 —MN2+N3 —Ng- 4+ Nog_1 — Nogs = 0

and, if resonant

2 2 2 2
n2—n2"l_n3"‘_n2s——0



ny = ny > --- decreasing rearrange-

ment of modes in monomial
k k k
:>n1§n2_|_n3—|—°°'

also
1
> gl 2 2/ + S (/AT g+

for resonant monomials with n; % N9

n1] 4 [n2| < 2((n3)° + (n3)* +---)
normal forms expressed in g,,q,
series

_k!
> Beww [ [lan () gfran

L,k k' n

lBe,k,kfl < e/O(Z: VInjl—24/n%)



NEKHOROSHEYV STABILITY
IN LARGE DIMENSION

LONG-TIME STABILITY ( = NEAR QUASI-
PERIODIC BEHAVIOUR) IN e-PERTURBATIONS
OF LINEAR OR INTEGRABLE HAMILTO-
NIAN SYSTEMS

EXAMPLES
e INFINITE SYSTEMS OF COUPLED
HARMONIC OSCILLATORS
(BENETTIN-F ROHLICH-GIORGILI)
(log £)?
T, ~ exp { c T

log log <

o zut—l—um—l—V(x)u—l—saH =0
¢ ytt_yxx+py+6f (y):O

® iU+ U Tulul?+eZL =0
‘NON-TRIVIAL’ STABILITY TIMES T: > %
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2 MECHANISMS

e PERTURBATIONS OF LINEAR NONRESONANT
SYSTEMS (QUASI-NEKHOROSHEV)

EXAMPLE: yit — Y2z +py +£f(y) =0 (DIRICHLET
BC)

IF y(0),%'(0) € H*®[0,1], THEN y(¢) IS ‘CLOSE’ TO
QUASI-PERIODIC FOR ¢ < (1)4

A=A(s) — oo

§— 00

ee PERTURBATIONS OF STRICTLY CONVEX
INTEGRABLE HAMILTONIAN

ADJUSTMENT OF P. LOCHAK’S ARGUMENT
BASED ON RATIONAL APPROXIMATIONS

REQUIRES STRONG FINITE DIMENSIONAL
APPROXIMATIONS /
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COMBINATION OF THE TWO MECHANISMS
Example: (1D finite range)

H(q,q):Z(V}Ij—I—If)—!—s Z c(n,n’ Re{HqJ q; }
J n,n’ €Z>
2 =.n;
QSZ(nj +n;) < C
diam (suppn U suppn’) < C suppn = {j € Z|n; # 0}

Theorem: (with large probability in V)
Let 0 > 0 and q(0) = q|¢—¢ satisfy

1/2
lqll,.. = ( ZW%W) <C
Then
sup |1;(0) — ()| < v/Z and lg(t)].. < C +1
J

for t < T, logT, > log %
(Compare with Benettin-Frohlich-Giorgili, CMP
(1989))
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ROLE OF DIMENSION OF THE TORI
e MARCO-SAUZIN

1
1) = T0)| <" |t <expe

EXAMPLES IN GEVREY CLASS SHOWING

THAT a — 0 FOR d — oo(a ~ ).

e CONSTRUCTION OF EXAMPLES WITH
d ~ log % AND

1
T. ~ - (GEVREY CLASS)
g

Te ~

77 (ANALYTIC)

K
H=5Ig+1}+ - +1I3) +ecosby
k=1
2(1 & ] &
or|p? (2 Zl cos(0;—kA;))—2¢(3 1cos(¢9j—k/\j))v(t)]
j: pumm

J

v(t) TIME PERIODIC [ Io(T.) — Io(0)| > ¢
A €10,1],0, € [-1,1], K ~ L
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1 1
E E

optimal in real analytic category.

PROBLEM.

Improve T, if perturbation is short range or

polynomial.

CONJECTURE. (topological) genericity
(in smooth and analytic category) of dif-
fusion phenomenon in infinite-dimensional

Hamiltonian systems.
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