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notation and genus expansions – Mingo and

Nica, Inter. Math. Res. Notices (2004)
— X N ∈ SGRM(N , 1/N ) = self-adjoint Gaussian

random matrices = N × N matrices with

independent Gaussian entries normalized so that

E(Tr(X2)) = N

— π ∈ Sn has genus g where

#(γ ) + #(γ ◦ π−1) + #(π) = n + 2(1 − g)

γ = (1, 2, 3, . . . , n); #(π) = no. of orbits

— genus expansions

E(Tr(Xk)) = ∑
π∈P2[k]
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asymptotic Gaussianity – Johansson (1998)

E(Tr(X p)Tr(Xq)Tr(Xr)) − E(Tr(X p)Tr(Xq))E(Tr(Xr))

−E(Tr(X p)Tr(Xr))E(Tr(Xq))−E(Tr(X p))E(Tr(Xq)Tr(Xr))

+2E(Tr(X p))E(Tr(Xq))E(Tr(Xr)) = ∑
π∈P2[p+q+r ]

connected

N−2g−1

�

E(Tr(X2k
N )) = 1

k + 1


2k

k


N + O(N−1)

∴ Tr
(
X2k

N − 1
k+1

(2k
k

)
IN

)
is asymptotically centered

κp
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Tr

(
X2k

N − 1
k + 1


2k

k


IN

)
, . . . , Tr

(
X2k

n − 1
k + 1


2k

k


IN

)


= κp

(
Tr

(
X2k

N

)
, . . . , Tr

(
X2k

N

))

= ∑
π∈P2[2kn]
connected

N−2g(π)−p+2

∴ Tr
(
X2k

N − 1
k+1

(2k
k

)
IN

)
is asymptotically Gaussian

— Tn(cos ϑ) = cos(nϑ), Cn(x) = 2Tn(x/2), Chebyshev

polynomials of the first kind

— {Tr(Cn(X))}n≥1 is asymptotically Gaussian and

independent (almost)
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complex Gaussian random matrices

— G : � → MM,N(C), G = (gi, j), gi, j is a complex

Gaussian random variable with E(gi, j) = 0 and

E(|gi, j |2) = 1/N , {gi, j} is independent

— X = G∗G is an N × N Wishart random matrix

E(Tr(X p)) = ∑
π∈Sp


 M

N


#(π)

N−2g(π)+1

— if lim
N→∞ M/N = c > 0, then the eigenvalue

distribution of X has a limiting distribution called

the Marchenko-Pasteur distribution µc

dµc

dt
=

√
(b − t)(t − a)

2π t
a = (

√
c − 1)2

b = (
√

c + 1)2
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— {�n(x)}n — orthogonal polynomials for µc

�0(x) = 1 x0 = �0(x)

�1(x) = x − c x1 = �1(x) + c�0(x)

�2(x) = x2 − (1 + 2c)x + c2 x2 = �2 + (1 + 2c)�1 + (c + c2)�0

∫ b

a
�m(x)�n(x)dµc(x) = δm,ncm

x�n(x) = �n+1(x) + (1 + c)�n(x) + c�n−1(x)
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shifted Chebyshev polynomials —

Haagerup-Thorbjørnsen (1999)

— Un(cos ϑ) = sin((n + 1)ϑ)

sin(ϑ)
Chebyshev polynomials

of the second kind

— Sn(x) = Un(x/2) monic & orthogonal for
√

4 − t2

2π

— �n(x) =
√

cn Sn


x − (1 + c)√

c


 +

√
cn−1 Sn−1


x − (1 + c)√

c




— when t = (x − (1 + c))/
√

c,

c
√
4 − t2 dt = √

(b − x)(x − a) dx

— let �n(x) = √
cn Cn


x − (1 + c)√

c


 – orthogonal

polynomials for the shifted arc-sine law

�0(x) = 1

�1(x) = x − (1 + c)

�2(x) = x2 − 2(1 + c)x1 + c2

x�n(x) = �n+1(x) + (1 + c)�n(x) + c�n−1(x)
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asymptotic Gaussianity for the Wishart case —

single matrix – Cabanal-Duvillard (2001)

dn =




−1 n = 0

1 n = 1

(−1)n(c − 1) n > 1

�̃n(x) = �n(x) + dn

—
∫ b

a
�̃n(x) dµc(x) = 0

∴ lim
N

E(Tr(�̃n(X))) can exist if c′ = lim
N

N
(

M
N − c

)
exists,

in which case

lim
N

E(Tr(�̃n(X))) = (−1)n+1c′

�

Thm: lim
N

κ2

(
Tr(�̃m(X)), Tr(�̃n(X))

)
= m δm,n

lim
N

κp

(
Tr(�̃n(X)), . . . , Tr(�̃n(X))

)
= 0

∵ κp

(
Tr(�̃n(X)), . . . , Tr(�̃n(X))

)
= O(N−p+2) by genus

expansion, (first part later)
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asymptotic independence and Gaussianity

— for each N let X and Y be independent Wishart

distributed random matrices

— for 
m = (m1, m2, m3, . . . , mr) and


n = (n1, n2, n3, . . . , nr) r -tuples of positive integers,

let

S 
m,
n(X, Y ) = �m1(X)�n1(Y ) · · · �mr (X)�nr (Y )

— by the genus expansion (again)

{Tr(�̃i(X)), Tr(� j(Y )), Tr(S 
m,
n(X, Y ))}i, j,( 
m,
n)

are asymptotically Gaussian

thm: If we choose for each ( 
m, 
n) one cyclic

representative then {Tr(�̃k(X)), Tr(�̃ j(Y )),

S 
m,
n(X, Y )}k, j,( 
m,
n) are asymptotically independent

and lim
N

κ2(S 
m,
n(X, Y ), S 
m,
n(X, Y )) is the number of

cyclic equivalences of ( 
m, 
n) with itself × c| 
m|+|
n|.
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combinatorial significance of �̃’s

�̃0(x) = 1 x0 = �̃0(x)

�̃1(x) = x − c x1 = �̃1(x) + c �̃0(x)

�̃2(x) = x2 − 2(1 + c)x x2 = �̃2(x) + 2(1 + c)�̃1(x)

+ c + c2 +(c + c2)�̃0(x)

�̃n(x) = n∑
k=0

q ′
n,kxk xn = n∑

k=0
qn,k�̃k(x)

�̃ =




1 0 0 0

−c 1 0 0

c + c2 −2 − 2 c 1 0

−c − c3 3 + 3 c + 3 c2 −3 − 3 c 1




�̃−1 =




1 0 0 0

c 1 0 0

c + c2 2 + 2 c 1 0

c + 3 c2 + c3 3 + 9 c + 3 c2 3 + 3 c 1




— qn,k = ∑
π c|π | where the sum is over the non-crossing

circular half-permutations on [n] with k blocks

sortant

8



non-crossing half permutations

1
2

34

5
6

7

89

10

a non-crossing annular permutation

6
7

89

10
1

2

34

5

now cut into two half permutations

1

23

1

23

1

23

1

23

1

23

15 half-permutations on [3] with one block sortant
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orthogonality of �̃’s

— SNC(m, n) is the collection of non-crossing annular

permutations on [m, n]; for a permutation π we let

|π | be the number of cycles in π ; for A ⊂ SNC(m, n)

let |A|c = ∑
π∈A

c|π |

|SNC(1)|c = c

|SNC(2)|c = c + c2

|SNC(3)|c = c + 3c2 + c3

— SNC

(
m
k ,

n
j

)
is the collection of non-crossing

(m, n)-annular permutations with k blocks sortant

on the first circle and j blocks sortant on the second

circle. (empty if k �= j)

— SNC(k, j) is the set of non-crossing (k, j)-annular

permutations in which each of the k points is a block

sortant
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the proof
— recall

�̃n(x) = n∑
k=0

q ′
n,kxk xn = n∑

k=0
qn,k�̃k(x)

qn,k = ∑
π

c|π |

where the sum is over all half-permutations of [n]

with k blocks sortant and |π | is the number of

complete blocks

lim
n

κ2(Tr(�̃m(X)), Tr(�̃n(X)))

= ∑
k, j

q ′
m,kq ′

n, j lim
N

κ2(Tr(Xk), Tr(X j))

= ∑
k, j

q ′
m,kq ′

n, j |SNC(k, j)|c

= ∑
k, j
r,s

q ′
m,k q ′

n, j

∣∣∣∣∣∣SNC


k

r
,

j

s




∣∣∣∣∣∣
c

= ∑
k, j
r,s

q ′
m,k q ′

n, jqk,rq j,s|SNC(r , s)|c

= ∑
r,s

δm,r δn,s|SNC(r , s)|c
= ∑

r,s
δm,r δn,sδr,sc

rr

= δm,ncmm

�
11



linear half-permutations

�0(x) = 1 x0 = �0(x)

�1(x) = x − c x1 = �1(x) + c �0(x)

�2(x) = x2 − (1 + 2c)x x2 = �2(x) + (1 + 2c)�1(x)

+ c2 +(c + c2)�0(x)

�n(x) = n∑
k=0

p′
n,kxk xn = n∑

k=0
pn,k�k(x)

� =




1 0 0 0

−c 1 0 0

c + c2 −2 − 2 c 1 0

−c − c3 3 + 3 c + 3 c2 −3 − 3 c 1




�−1 =




1 0 0 0

c 1 0 0

c + c2 1 + 2 c 1 0

c + 3 c2 + c3 1 + 5 c + 3 c2 2 + 3 c 1




— pn,k = ∑
π c|π | where the sum is over the non-crossing

linear half-permutations on [n] with k blocks sortant

and |π | is the number of complete blocks
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combinatorial interpretation of �’s

xx

x
x

x
x

x
y
y

yy

y
Tr(X3Y 2 XY 2X3Y )

3 ×

1 2 3

+ 2 ×

1 2 3

= 2 + 3 c = p3,2

�n(x) = n∑
k=0

p′
n,kxk xn = n∑

k=0
pn,k�k(x)

pn+1,k = c pn,k+1 + (1 + c)pn,k + pn,k−1

x�n(x) = �n+1(x) + (1 + c)�n(x) + c �n−1(x)
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