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notation and genus expansions — Mingo and

Nica, Inter. Math. Res. Notices (2004)
— Xn € SGRM(N, 1/N) = self-adjoint Gaussian

random matrices = N x N matrices with

independent Gaussian entries normalized so that
£(Tr(X?)) = N
— 71 € § has genus g where
#(y) +#(y onr ) +#() =n+2(1 -0
Yy =(1,2,3,...,Nn); #(r) = no. of orbits

— genus expansions

T eP,[K]

&(Tr(XP)Tr(XD)—E(Tr(XPYETr(XD) = ¥ N7
ﬂepz[p:‘g]




asymptotic Gaussianity — Johansson (1998)

E(Tr(XP)Te(XNHTr(X")) — E(Tr(XP)Tr(X))E(Tr(X"))

—E(Tr(XP)Tr(X" ) E(Tr(XM)) —E(Tr(XP)E(Tr(XHTr(X"))

+28(Tr(XP)E(Tr (X)) E(Tr(X")) = > N—29-1
TP, [p+a+r]
connected
O

E(Tr(XZ)) = k—T—l(Zkk) N+ O(N™)

Tr(XZNk — ﬁ(zkk) I N) is asymptotically centered

k k
Kp(Tr(szk _ ler I(ZK)IN>,...,Tr(Xﬁk _ ki 1(2k)|N))
Kp (Tr(XZNk), L Tr(XZNk))
— ) N —29()—p+2

TEP, [an]
connected

Tr(XZNk — ﬁ(zkk) I N) is asymptotically Gaussian

— Tn(cos V) = cos(n?), Cn(X) = 2Th(X/2), Chebyshev
polynomials of the first kind

— {Tr(Cn(X))}n>, is asymptotically Gaussian and

independent (almost)



complex Gaussian random matrices

— G: Q= Mun(C), G =(Gj) 0 isacomplex
Gaussian random variable with £(g; ;) = o and
£(16i.j1*) = 1/N, {g,;} is independent

— X =G*Gisan N x N Wishart random matrix

#(m)
ETX) = ¥ () N

Tes p N
— if I\}im M/N = ¢ > o, then the eigenvalue
distribution of X has a limiting distribution called

the Marchenko-Pasteur distribution

duc  VO-DET-a) o
dt 27t 0.15
a=(/c—1
b — (\/E _|_ 1)2 0.05 atom of mass 1 - ¢
’ a 2 4 6 8 b 10
— {IIn(X)}n — orthogonal polynomials for s
o0 =1 X° = (%)
ax) =x~¢ X' = 1,00 + oT1o(x)

[I,(X) =xX*—(1+20)Xx+c* | x> =11, 4+ (1 + 20)I1; + (c+ ¢c*)II,

fab MO ITh(X)dpe(X) = 8m,nCm
XHn(X) = In4(X) + (1 + O Tn(X) + €M (X)
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shifted Chebyshev polynomials —
Haagerup-Thorbjornsen (1999)

sin((N + 1)v)

— Up(cos ) = Sin() Chebyshev polynomials
of the second kind
/4 — 12
— Si(X) = Up(X/2) monic & orthogonal for 42
T
- Hn(x) —
- X — (14 0C) — X — (14 0C)
Ve s, ( NG + VG, NG

— whent = (X — (1 +C))/4/C,

c/4 — t2dt = /(b — x)(x — a) dx

- X—(14+cC)
— let Th(X) _ﬁcn( NG

polynomials for the shifted arc-sine law

) — orthogonal

['v(X) =1
I''(X) =X—(1+0)

[';(X) =X —2(1 +C)X1 +C?

XIn(X) = Ty (X) + (@ + )M (X) + ClMp—1(X)



asymptotic Gaussianity for the Wishart case —

single matrix — Cabanal-Duvillard (2001)

—1 nN=0o0

Oh =11 n=1 [nh(X) = Cn(x) + dn

(—1)™(c—1) n>1

— [} Ta00 dute) = 0

lim £(Tr(Th(X))) can exist if ¢ = lim N (M — c) exists,

in which case
lim £(Tr(Cn(X))) = (—1)™"'¢
o
Tem:  limie(Te(Tn(X), Te(Tn(X))) = Mémn
lim iep(Tr(Tn (X)), ..., Tr(Ta(X))) = 0

kp(Tr(Tn(X)), ..., Te(Tn(X))) = O(N~P+2) by genus

expansion, (first part later)



asymptotic independence and Gaussianity

— for each N let X and Y be independent Wishart

distributed random matrices

I fOr m = (ml, m2, m3, e ooy mr) a.nd
A= (ng,N,, n,, ..., Ny) r-tuples of positive integers,
let

Sﬁ,ﬁ(xa Y) — Hml(x)nnl(Y) Tt Hmr (X)Hnr (Y)
— by the genus expansion (again)
{Te(Ti (X)), Te(Tj(Y)), Te(Sna(X, YD, j@)

are asymptotically Gaussian

THM: If we choose for each (M, i) one cyclic
representative then {Tr(I'k(X)), Tr(T';(Y)),

Sa.a(X, Y) k. j.an.i) are asymptotically independent
and lil{ln K:(SHa(X, Y), Sua(X, Y)) is the number of

cyclic equivalences of (M, fi) with itself x cM/+In,



combinatorial significance of T'’s

T,(X) =1 X0 = ['y(X)

r,x)=x-c¢ X' = I1(X) + cTo(X)

[LX) =x>—2(140)x | x> =T,(X) +2(1 + )1 (X)
+Cc+c? +(c+ ), (X)

~ n n ~
Fn() = 2 g X x"= 2 nilk0

1 0 0 o)
N —C 1 o) o)
[ =

c+C? —2—2C 1 o)
—C—¢C 3+4+3Cc+3C —3—3C 1
1 0 0 o)
B C 1 o) o)
=
C+C? 24 2C 1 o)

c+3¢c*+¢C 3+9Cc+3C 34+3C 1
— Onk = 2 €™l where the sum is over the non-crossing

circular half-permutations on [n] with k blocks

sortant



non-crossing half permutations

a non-crossing annular permutation

3

now cut into two half permutations

15 half-permutations on [3] with one block sortant



orthogonality of T'’s

— Suc(m, n) is the collection of non-crossing annular
permutations on [m, n]; for a permutation = we let
7| be the number of cycles in 7; for A C Syc(m, n)

let |Alc= Y c¢”
TeA

[Sne(D]e=C
[Sne(@)|c=Cc+ ¢
[Sne(3)lc =C+3C* +C

— S|\|C(T: T) is the collection of non-crossing
(m, n)-annular permutations with k blocks sortant
on the first circle and | blocks sortant on the second
circle. (empty if K # j)

— Suc(k, ]) is the set of non-crossing (K, j)-annular

permutations in which each of the k points is a block

sortant
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the proof

— recall

~ n. K n n ~
Fn(x) — kgo Oln,kX X = kgo qn,ka(X)

Onk = 2. cim!

T

where the sum is over all half-permutations of [n]
with k blocks sortant and || is the number of

complete blocks

lim 2 (Tr(Fm(X)), Tr(Tn(X)))
= Z G, lign ea(Tr (X9, Tr(X))
= kZJ Ok, j | Suc K, [l

;o K ]
=& qm’kq”’j‘SNC (r’s)c

=2 qr/n,k qé,ij,rqj,s|SNC(L S)lc
@ 5m,r 3n,s|SNC(L §)|c
= rXé Sm.r (Sn,s(Sr,sCrr

— 8m’ncmm

%
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linear half-permutations

IM,(X) =1 X% = T, (X)

[I,(X) =X—¢cC X' = IT1,(X) + cIIy(X)

[T,(X) = X* — (1 4+ 20)X | X*> = I1,(X) + (1 + 2¢)I1,(X)
+ ¢ +(C + ) I16(X)

n / k n n
ITh(X) = kgo Pn.kX X = kgo Pn kI Tk (X)

1 0 0 0
—C 1 0 0
1 =
C+C? —2 —2C 1 o)
—C—C 343Cc+3C —-3-—3C 1
1 0 0 o)
C 1 o) 0
[ =
C+c? 1+2C 1 0

c+3c*+c 14+5Cc+3C 2+3C 1
— Pnk = = €™ where the sum is over the non-crossing

linear half-permutations on [n] with k blocks sortant

and |r| is the number of complete blocks
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combinatorial interpretation of I1’s

=2+3C= p3,2

n / k n n
[Mh(X) = kgo Pn. kX X = kgo Pn, kI Tk (X)

Pn+1.k = C Prk+1 + (T + C) Pnk + Pnk—1

XITn(X) = Mn1 (X) + (1 + O TIn(X) + CIIh—1(X)
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