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Pareto (PD) versus stretched exponential (SE) PDFs

(new statistical test based on embedding PD into SE)

Test of the Gaussian copula hypothesis
Conditional dependence measures
Extreme dependences for factor models

Asymptotic tail of the PDF of portfolio returns for SE-
Gaussian copulas

VaR for SE-Gaussian copulas
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Empirical Results about the
Distributions of Returns

e Model in terms of regularly varying distributions:
Pr(r>x) = L(x) x* (L=3-4)

Longin (1996) , Lux (1996-2000), Pagan (1996), Gopikrishnan et al. (1998)...

e Model in terms of Weibull-like distributions:

Pr(r>x) = exp[-L(x) x¢] (c<1)

Mantegna et Stanley (1994), Ebernlein et al.(1998),
Laherrere et Sornette (1998)...



Implications of the two models

e Practical consequences :
eExtreme risk assessment,

eMulti-moment pricing methods.

* Theoretical consequences :

oZipt’s law of Funds size
< Power law

e[ _inear stochastic RE models

eMultiplicative models , S
, <> Weibull distribution
Non-Linear RE models



Pittalls of Extreme Values Theory:

Finite size etfects

Gnedenko theorem of EVT
H(o=expt-(+£2) “}
Direct application to VaR
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In presence of long range correlation in
the volatility, results are even worst



The Data

e Two data sets:
— Dow Jones, Daily returns, 1896-2000
— NASDAQ, 5 minute returns, Apr. 1997- May 1998

e Preprocessing:
To remove the
typical U-shape
intraday volatility

time (by five minutes)

Average absolute return, as a function of time within a trading day. The U-shape characterizes the

so-called lunch effect.



Method of Investigation (1)

“:.3 Complementary DF of DJ-daily pos.(ling),n=14249 and neg (pointwise) n=13464
Direct fit of the data by MLE
5 e Pareto distribution :
2107
: Fp(x) = 1-(x/u)®, x>u
210k . . . .
g e Weibull distribution :
| ; ; Y Fy(x) = I-exp[(u/d) -(x/d) ],

10 : I I |

10" 10" 10" 10 U 10" 10’

Absolute log-return, x

e Tests of goodness of fit : Anderson-Darling test.



Method of Investigation (2)
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The two models are asymptotically nested: Fy/(x) = F,(x)

maxp - Lsp

W = 2log ’ Wilks’statistics

maxy Lpp

y2-distribution, with one degree of freedom




Main Results

e For sufficiently high thresholds, both the Power
laws and Weibull distributions are consistent
with the data.

Statistical significance
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Main Results

e For both models,

Dow Jones, Daily returns, 1896-2000 — positive tail

the evolution of the
parameters 1s not exhausted at the end of the
range of available data.
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gs = U4, g5 = U.D, g7 = 0.6, g8 = 0.7, g0 = 0.8, q10 = 0.9, q11 = 0.925,

q12 = 0.95, 13 = 0.96, q14 = 0.97, q15 = 0.98, g16 = 0.99, g17 = 0.9925,
g1s = 0.995, g10 = 0.999, g0 = 0.9995 and a1 = 0.9999.

Y. Malevergne, V.F. Pisarenko and D. Sornette Empirical Distributions of Log-Returns: between the Stretched Exponential and the
Power Law? in press in Quantitative Finance (http://arXiv.org/abs/physics/0305089)



Sample c d clu(qiz)/d)" b
DJ pos. returns 0.274 0111y 4.81 - 107° 2.68 2.79 (0.10)
DJ neg. returns 0.362 (0.119) 1.02 - 10~ 2.57 2.77 (0.11)
ND pos. returns 0.039 (013s)y 4.54 - 107°* 3.03 3.23 (0.14)
ND neg. returns 0.273 (0.155) 1.90 - 10~ 3.10 3.35 (0.15)
SP pos. returns (1min) - : 3.01 3.02 (0.02)
SP neg returns (1min) - - 2.97 2.97 (0.02)
SP pos. returns (5min) 0.033 (0.0s1) 3.06 - 107°7 2.95 2.95 (0.03)
SP neg. returns (5min) 0.033 (0.031) 3.26 - 107°° 2.87 2.86 (0.03)

Table 2.7. Best parameters ¢ and d of the Stretched FExponential model and best
parameter b of the Pareto model estimated up to quantile g1o = 95%. The apparent
Pareto exponent c(u{qi2)/d)“ (see expression (2.27)) i1s also shown

Implications for risk assessment

Stretched exponential might under-estimate tail risks

*Pareto may over-estimate tail risk
*BUT outliers not seen here appear in PDF of drawdowns
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A. Johansen and D. Sornette, Stock market crashes are outliers,
European Physical Journal B 1, 141-143 (1998)

A. Johansen and D. Sornette, Large Stock Market Price Drawdowns Are Outliers,
Journal of Risk 4(2), 69-110, Winter 2001/02
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Wilks’ test of existence of upward curvature

Table 1. NASDAQ composite index. The total number of drawdowns is 1495. The first column is the cut-off u such that the MLE of the
two competing hypotheses (standard (SE) and modified (MSE) stretched exponentials) is performed over the interval [0, u] of the absolute
value of the drawdowns. The second column gives the fraction ‘quantile’ of the drawdowns belonging to [0, «]. The third column gives the
exponents z found for the SE (first value) and MSE (second value) distributions. The fourth and fifth columns give the logarithm of the
likelihoods (12) and (13) for the SE and MSE, respectively. The sixth column gives the variable T defined in (14). The last column ‘proba’
gives the corresponding probability of exceeding 7" by chance. For u > 18%, we find that 7" saturates to 13.6 and ‘proba’ to 0.02%.

Cut-off u  Quantile z In (Lg) In(L;) T Proba
3% 87% 0.916,0.940 4890.36 4891.16 1.6 20.5%
6% 97% 0.875,0.915 494436 4947.06 54 2.0%
9% 99.0% 0.869,0.918 4900.75 4903.66 5.8 1.6%

12% 99.7% 0.851,0.904 487247 4877.46 10.0 0.16%

15% 99.7% 0.843,0.898 4854.97 4860.77 11.6 0.07%

18% 99.9% 0.836,0.890 4845.16 4851.94 13.6 0.02%

D. Sornette and A. Johansen
Significance of log-periodic precursors to financial crashes,
Quantitative Finance 1 (4), 452-471 (2001)

A. Johansen and D. Sornette,

Endogenous versus Exogenous Crashes in Financial Markets,
in press in = Contemporary Issues in International Finance"
(Nova Science Publishers, 2004)
(http://arXiv.org/abs/cond-mat/0210509)
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Fig. I. Bivariate distribution of the daily annualized returns of the CHF in US § (i = 1) and of JPY in US § (i = 2) for the
time interval from Jan. 1971 to Oct. 1998. One-fourth of the data points are represented for clarity of the figure. The
contour lines define the probability confidence level of 90% (outer line), 50% and 10%. Also shown are the time series
and the marginal distributions in the panels at the top and on the side. The parameters for the fit of the marginal pdf’s
are: CHF in US $§: A; = 250,¢; = 1.14,r¢; = 2.13 and JPY in US $: A, = 350,¢, = 0.8,ry, = 1.25.



Stretched Exponential Example : u(X) = 2x'2
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Meteorological Example CDFs
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Fig. 7. Bivariate distribution ﬁ(y] obtained from Fig. 1 using the transformation equation (16). The contour lines are
defined as in Fig. 1. The upper and right diagrams show the corresponding projected marginal distributions, which are
Gaussian by construction of the change of variable, Eq. (16). The solid lines are fits of the form A exp( — |y|?/2) with

A; =200,A4, = 220.



NN W e O

1000 2000 3000 4000 5000 6000 7000

8.
1000}
6.
4l 2000 f
3;5‘ 21 3000
> 0
o 4000 f
= -2
—4r 5000 f
-6
6000 f 1
-8
-10 : ' : 7000 2 ——u
-10 -5 5 10 100 200 300

0
MYR (r1 ) Malaysian Ringgit (MYR).

Fig. 5. Bivariate distribution of the daily annualized returns of the MYR in US$ (i = 1) and of JPY in US § (i = 2) for the
time interval from Jan. 1971 to Oct. 1998. One-fourth of the data points are represented for clarity of the figure. The
contour lines define the probability confidence level of 90% (outer line), 50% and 10%. Also shown are the time series
and the marginal distributions in the panels at the top and on the side. The parameters for the fit of the marginal pdf’s

are: MYR in US §: 4, = 150,¢; = 0.56,r5; = 1.00 and JPY in US $: 4, = 350,¢, = 0.8,ry5, = 1.25.
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Fig. 11. Bivariate distribution P(y) obtained from Fig. 5 using the transformation equation (16). The contour lines are
defined as in Fig. 5. The upper and right diagrams show the corresponding projected marginal distributions, which are
Gaussian by construction of the change of variable, Eq. (16). The solid lines are fits of the form A exp( — [y|?/2) with
A; = 380, 4, = 220.
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Fig. 13a—e. y* cumulative distribution for N = 2 degrees of freedom versus the fraction of events shown in Figs. 7-11
outside an ellipse of equation ¥ = (' ¥V~ ')y. (a) CHF-JPY, (b) UKP-JPY, (c) RUR-JPY, (d) CAD-JPY, (¢) MYR-JPY; ()
same plot as (a)-(e) but for N = 6 degrees of freedom for the multivariate data set CHF-UKP-RUR-CAD-MYR-IPY.
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Fig. 14. Same as Fig. 13 but for the returns r. a-¢: 7> cumulative distribution for N = 2 degrees of freedom versus the
fraction of events shown in Figs. 1-5 outside an ellipse of equation y*> = (#¥7 " 'r). (a) CHF-JPY, (b) UKP-JPY,
(c) RUR-JPY, (d) CAD-JPY, (e) MYR-JPY; () same plot as (a)-(e) but for N = 6 degrees of freedom for the data set
CHF-UKP-RUR-CAD-MYR-JPY.



Modified-Weibull distributions

Definition: A random variable X is said to follow a
modified Weibull distribution with exponent ¢ and scale
factor %, if and only 1f the random variable

Y=sgn(X)«/§(‘£j :
X

follows a normal distribution.
c/2-1 (‘X J
exp| —| —
4

Its density 1s:

(x) = | C
P 2\/; IC/Z

x




Modified-Weibull distributions
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Figure 2. A graph of the returns of the Gaussianized Standard and
Poor’s 300 index versus its raw returns, from 3 January 1995 to 29
December 2000 for the negative tail of the distribution.



Multivariate representation of the joint distribution

Information Theory (Rao, 1973)

(Maximum entropy principle)

Best representation of the multivariable distribution:

P(y) = 2m) M2V " V2exp( — 3y'V ")
N

Pl) = [V]" 2 exp( —3y'(V ™1 = Dy) [ | Pi(xY)

j=1

V' 1s again the covariance matrix for y and I 1s the identity matrix.
(amounts to using the Gaussian copula)

D. Sornette, J. V. Andersen and P. Simonetti, Portfolio D. Sornette, P. Simonetti and J. V. Andersen, phiq field

Theory for Fat Tails, International Journal of Theoretical theory for Portfolio optimization: ~"fat tails" and non-
and Applied Finance 3 (3), 523-535 (2000) linear correlations, Physics Report 335 (2), 19-92 (2000)




COPULAS

DEFINITION 1 (COPULA)

A function C : [0,1]™ —> [0, 1] is a n-copula if it enjoys the following properties :

e Vu (0,1, C(1,---,1,u,1---,1) = u,

e Yu; € [0,1], C(uy,---,u,) = 0 if at least one of the u; equals zero ,

e ('is grounded and n-increasing, i.e., the C-volume of every boxes whose vertices lie in [0, 1]

is positive.



THEOREM 1 (SKLAR’S THEOREM)
Given an n-dimensional distribution function F' with continuous marginal (cumulative) distributions

Fy,---, F,, there exists a unique n-copula C': [0,1]™ — [0, 1] such that :

F($L,' ",In) - O(Fl(.i')l)," ,Fn(.’ﬂn)) - (1)

O(ula"'auﬂ):F(Fl_l(ul)a"':Fn_l(uﬂ)) (2)
is automatically a copula

THEOREM 2 (INVARIANCE THEOREM)
Consider n continuous random variables X1, -, X,, with copula C. Then, if g1 (X1), -+, gn(Xy)

are strictly increasing on the ranges of X, --, X,,, the random variables Y = g (X4),---,Y, =

gn(X,) have exactly the same copula C.



The Gaussian copula

the Gaussian n-copula with correlation matrix p 1s

Cp(ula Tt 7un) — (I),O,’n (q)_l(ul)n Tty (D_l(un)) ? (8)
whose density
_ 3G (ur, -, un)
cp(uh 7u’n) - aul ] 8un (9)
reads
1 1 _
cp(Un, v Up) = WET: exp (—gyfu)(p I Id)y(u)> (10)

with yg (u) = ®~1(uy). Note that theorem 1 and equation (2) ensure that Cp(uy, -, uy) in equa-

tion (&) is a copula.



Its main advantages

From a practical point of view, a copula must:
e Be easy to handle even in high dimension,

e Account for non-exchangeable risks,

e Involve only a few parameters,

e Allow for a robust estimation of the
parameters



Its main advantages

From a theoretical point of view:

e Traditional financial theory relies on the
Gaussian copula,

e Default modeling: KMV, CreditMetrics,
Basle I1.,. ..

e Options on basket



Its drawbacks

 Weak dependence
in the tails:

A, =lmPriX > F{ Y > F ()

+ _
u—l

= lim Pr{X > VaR,(X)|Y >VaR,(Y)}

u—1"

e For a Gaussian
copula, A=0.

Av(p) = lim

Student copula
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Figure 1. The upper tail dependence coefficient 4, (o) for the
Student copula with v degrees of freedom as a function of the
correlation coefficient o, for different values of v.

Wi (19)

u—1 1—u

C_’p,,,(u,u) 90, (\/y + 11— p)

where 1,41 is the complementary cumulative univariate Student’s distribution with » 4+ 1 degrees



Its drawbacks

eFor n=2-3, the
dependence
structure 1s correctly
capture by the
Gaussian copula

*For n>3, the
Gaussian copula
underestimates the
true dependence

100 < Pr(R < =n - wr)

n=1 n=3 n=4 n=5

P, I"‘\r P, Pl P, I'l P, PE
Abbortt Labs 207 206 058 051 021 0.15 0.09 0.07
American Home Products Corp 198 207 051 056 0.30 0.24 07 013
Boeing Co 203 196 053 051 021 0.8 0.13 0.09
Bristol-Myers Squibb Co .56 1.8l 055 048 026 022 0.1 0.10
Chevron Corp .94 199 040 042 0.13 0.5 0.08 0.07
Du Pone (E.L) de Nemours & Co 2,13 202 051 047 021 0.9 0.09 0.07
Disney (Walt) Co .83 187 047 053 0.24 022 0.15 0.12
General Motors Corp .73 1.95 045 042 021 0.3 0.08 0.06
Hewlett-Packard Co .77 208 053 051 021 0.9 0.08 0.09
Coca-Cola Co .60 183 045 050 0.19 0.8 009 007
Minnesota Mining & MFG Co .85 201 057 049 0.19 0.9 0.08 0.09
Philip Morris Cos Inc 200 207 045 050 021 0.9 0.13 0.12
Pepsico Inc .92 208 051 049 0.15 0.8 0.15 0.07
Procter & Gamble Co .51 1.67 045 048 0.24 0.21 0.13 0.09
Pharmacia Corp LBl 124 053 054 023 025 011 0.2
Schering-Plough Corp .85 1.94 049 0.44 ol o4 0.08 0.06
Texaco Inc .90 1.94 055 055 028 023 011 0.1
Texas Instruments Inc .87 202 049 050 0.21 0.5 0.06 0.07
United Technologies Corp 217 210 047 045 017 0.4 011 0.06
Walgreen Co. Bl 1.9 047 04| 023 0.4 0.09 0.08
Mean ratio P./P, 0.95 1.02 .15 I.24

A portfolio made of 50% of 5&P500 and 50% of one stock (whose name is indicated in the first column)
is considered. Ve estimace the probabilicy P, that this pordolio incurs a loss, R, larger than n times it
standard deviation (n = 2,._.,5). For the same portfolic, we estimate the probability Pi! that it incurs the
same loss (ie, n times its standard deviation) when the dependence between the index and the stock is
given by a Gaussian copula. The mean ratio P /P, gives the average value of P./P, over the 20 portiolios



Test statistics

H,: The dependence between N random variables X,..., X
can be described by the Gaussian copula.

Proposition: Assuming that the N-dimensional random
vector X=(X,,...,X,), with marginal distribution F,
satisfies H,, then, the variable:

N
2= @ (FE@) (T (F(x)),

jii=1

where the matrix r 1s given by

pij = cov[® N (F;(x;)), @ (F;(x;)].

follows a y>-distribution with N degrees of freedom.

Y. Malevergne and D. Sornette, Testing the Gaussian copula hypothesis for
financial assets dependences, Quantitative Finance, 3, 231-250 (2003)




Testing procedure (1)

We consider two financial time series (N=2) of size T:
{x,(1),...x,(t),...x,(T)} and {x,(1),....,x5(2),....x,(T)}.

The cumulative distribution of each variable x,, which is estimated
empirically, is given by:

) | L
F;(x;) = = Ly io<as

where 1, is the indicator function, which equals one if its argument is
true and zero otherwise. We use these estimated cumulative
distributions to obtain the Gaussian variables 7, as

3i (k) = &~ (F; (x; (k))), ke{l,...,T).



Testing procedure (2)

The sample covariance matrix p is estimated by the
expression

SR
=?Zy(r)-y(z)‘
1=

which allows us to calculate the variable

=Z (k) (5~ 3 (k).

' b
m



Testing procedure (3)
A\
Comparison of the distribution of z” with the
y>-distribution:
Kolmogorov: d; = max |F2(z%) — Fy2(2%);
average Kolmogorov:

dy, = f |F2(2%) — F2(2%)| dF,2(2%);

o -:2 — F.» :2
Anderson-Darling: dz = max | F2(27) 2 (Z)|

2 JF2 @)1 = Fpe(2)]

average Anderson—Darling:
VF2 (@)1 = Fa(z2)]

dy = dF,2(z%).




The Student’s copula

Student’s distribution T}, ,, with v degrees of freedom and a correlation matrix p

F L
T, , 16
P, (X) det % N/Q / / 1 N wt’ogj u—gn ( )

the corresponding Student’s copula reads :

Cp,l/(ula e 7“71) — Tp,i/ (t_l(ul) 7t;1(u’n)) 3 (17)

where %,, 1s the univariate Student’s distribution with v degrees of freedom. The density of the

Student’s copula is thus

ey o L TR @) T (14%) as)
o, v\ U1, s Un _\/(?tp [ (V_)]n vin )

(1+ypy) .

where y, = t;l (uk)



Power of the test

Can we distinguish between a Gaussian copula and a Student copula ?

The values pys,, (V,p) shown in the table give the minimum values that the significance p should take in
order to be able to reject the hypothesis that a Student's copula with v degrees and correlation p is
undistinguishable from a Gaussian copula at the 95% confidence level. p is the probability that pairs

of Gaussian random variables with the correlation coefficient p have a distance (between the distribution of
z? and the theoretical y? distribution) equal to or larger than the corresponding distance obtained for the
Student's vector time series. A small p corresponds to a clear distinction between Student's and Gaussian
vectors, as it is improbable that Gaussian vectors exhibit a distance larger than found for the Student's
vectors.

¥ g O 0.3 (0.5 0.7 09 v p 0.1 0.3 0.5 0.7 0.9

dy 007 008 007 004 0.07 dy 085 086 087 088 0.89
3| & 003 003 007 004 006 8 & 085 084 086 087 088
dy 022 017 0.08 003 0.01 di 091 091 091 081 070
dy 003 0,03 008 003 0.04 d; 086 085 090 089 090
dy 028 026 032 030 029 dp 092 093 096 095 094
4|1 d» 018 017 021 021 024|110 o 093 092 095 096 094
di 036 033 026 015 003 di 096 096 096 095 .88
dy 018 017 023 021 021 dy 094 094 096 097 095
dy 046 047 046 052 052 dy 097 099 097 099 0499
5| & 036 034 039 044 043|120 & 099 099 097 099 099
dy 052 054 047 030 0.14 dy 099 099 098 099 097
dy 037 036 043 045 045 dy 099 099 098 099 099
dy 078 081 081 081 086 diy 099 099 099 099 099
71 d» 071 078 076 077 082|150 4 099 09 099 099 099
dy 080 081 082 073 052 di 099 099 099 099 099
dy 075 081 079 080 083 dy 099 099 099 099 099




Results

e Currencies (1989-1998)

— Swiss Franc, German Mark, Japanese Yen, Malaysian
Ringgit, Thai Bath, British Pound.

e Commodities (1989-1997)
— aluminum, copper, lead, nickel, tin, zinc.

e Stocks (1991-2000)

— Appl. Matenals, AT&T, Citigroup, Coca Cola, EMC,
Exxon-Mobil, Ford, General Electric, General Motors,
Hewlett-Packard, IBM, Intel, MCI WorldCom,
Medtronic, Merck, Microsoft, Pfizer, Procter&Gamble,
SBC Communication, Sun Microsystem, Texas
Instruments, Wal-Mart.



Results: commodities

* The Gaussian copula 1s strongly rejected



Results: currencies

Fraction of pairs compatible
with the Gaussian copula hypothesis

e 40% of the pairs of currencies compatible, over a
ten-year time interval (due to non-stationary data),

e 67% of the pairs of currencies compatible, over
the first five-year time interval,

e 73% of the pairs of currencies compatible, over
the second five-year time interval.

However: p-values are about 30-40%:
Student copula with 5 to 7 degrees of freedom cannot be
rejected.
In line with Breymann et al.(2003) : Student copula
with six degrees of freedom of German Mark/Japanese
Yen



Results: stocks

* 75% of the pairs of stocks compatible, over a ten-
year time interval,

e 93% of the pairs of stocks compatible, over the
first five-year time interval

e 92% of the pairs of stocks compatible, over the
second five-year time

Mashal & Zeevi (2002) have found that the Student’s copula with
11-12 degrees of freedom provides a better description



coefticient of lower tail dependence between the two assets X; and X,

i _ ] 1-2utClu
Ay =limPriX, < 7 ()| X; < F7' ()} | he = Jim == )

ti—) u—1- 1 —u

F(x,y) =C(Fx(x),Fy(y))

Definition of copula

coetficient of upper tail dependence

A =limPr{X, > £ (u)|X; > F (u)}

—1

Hult & Lindskog (2002) Multiplicative model: | X =GY

n/2
j | drcos” t -
(ﬂ!2—a1‘c&-‘.1np“)f2 (V +1 1 )

AT = =21,

lj /2 ,
dtcos’ t

where the function:

I, (z,w) = ] !

B (z w) 0

for regularly varying multivariate elliptic distribution



Extreme dependence

e Currencies:
— p=0.7-0.8
— Student copula, v =5 -7
— A=30%
e Stocks:
- p=04
— Student copula, v =11 - 12
— A=25%



the factor model reads:

X=pBY+¢
Theorem:
| _
Ai = . - Fy (u)
max 41 / v with [/ =1im —
A s B; u—1 FY (H)
A = 0 if Vy > V¢ el g
' , for Student distributions
| _ with scale factors ¢
A= S0 Vy =V =V
| + ( O¢; ) between two assets
p;o .
e Ay =min{A, A, |
A= if  Vy<vV, ~

Absence of tail dependence for rapidly varying factors




1. Tail dependence versus correlation

10 _Student factor
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Given a sample of N realisations {X,, X,, ..., X, } and

{Y,.Y, .., Y} of Xand Y, we first estimate the coefficient |5 using
the ordinary least square estimator. Let p denote its estimate. Then,

using Hill's estimator, we obtain the tail index V of the factor Y-

. I &
j=1

where Yl N = Y2 N = ... 2 YN_ y are the order statistics of the N reali-
sations of Y. The constant / is non-parametrically estimated with
the formula:

FUu) X, .
.IE = l1m JEI (H) o 1N
u—=1 f, (u) YE?N

for k = o(N), which means that kK must remain very small with
respect to N but large enough to ensure an accurate determina-
tion of /. Figure 2 presents [ as a function of k/N.

Finally, using equation (7), the estimated A is:




2. Quantile ratio

2.2

0 0.05 0.10 0.15 0.20 0.25
k/N

Empirical estimate [ of the quantile ratio /in (7) versus the empirical
guantile k/N. We observe a very good stability of [ for quantiles
ranging between 0.005 and 0.05



July 1962 - December 1979 January 1980 - December 2000 July 1962 - December 2000

Mean Std. Skew. Kurt. Mean Std. Skew. Kurt. Mean Std. Skew. Kurt.

Abbott Labs 0.6677 0.0154 0.2235 2.192 0.9217 0.0174 -0.0434 2248 0.8066 0.0165 0.0570  2.300
American Home Products Corp.  0.4755 0.0136  0.2985 3.632 0.8486 0.0166 0.1007 8.519 0.6803 00154 0.1717  7.557
Boeing Co. 0.8460 0.0228 0.6753 4.629 0.7752 0.0193 0.1311 4.785 0.8068 0.0209 0.4495 4901
Bristol-Myers Squibb Co. 0.5342 0.0152 -0.0811 2.808 0.9353 0.0175 -03437 16.733 0.7546 0.0165 -0.2485 12.573
Chevron Corp. 04916 0.0134 02144 2.442 0.6693 0.0169 0.0491 4.355 0.5885 0.0154 0.1033  4.209
Du Pont (E.I.) de Nemours & Co. 0.2193 0.0126 0.3493 2754 0.6792 0.0172 -0.1021  4.731 04715 0.0153 0.0231 4.937
Disney (Walt) Co. 0.9272 0.0215 0.2420 2.762 0.8759 0.0195 -0.6661 17.655 0.8997 0.0204 -0.1881  9.568
General Motors Corp. 0.3547 0.0126 0.4138 4.302 0.5338 0.0183 -0.0128 5373 0.4538 0.0160 0.0872  6.164
Hewlett-Packard Co. 0.7823 0.0199 0.0212 3.063 0.8913 0.0238 0.0254 4921 0.8420 0.0221 0.0256  4.624
Coca-Cola Co. 0.4829 0.0138 0.0342 5.436 0.9674 0.0170 -0.1012 14.377 0.7483 0.0157 -0.0513 12.611
Minnesota Mining & MFG Co. 0.3459 0.0139 03016 2.997 0.6885 0.0150 -0.7861 20.609 0.5333 0.0145 -0.3550 14.066
Philip Morris Cos Inc. 0.7930 0.0153 0.2751 2.799 0.9664 0.0180 -0.2602 10.954 0.8863 0.0169 -0.0784  8.790
Pepsico Inc. 0.4982 0.0147 0.2380 2.867 0.9443 0.0180 0.1372  4.594 0.7431 00166 0.1786 4413
Procter & Gamble Co. 0.3569 0.0115 03911 4343 0.7916 0.0164 -1.6610 46916 0.5947 00144 -1.2408 44363
Pharmacia Corp. 03801 0.0145 0.2699 3.508 0.9027 0.0191 -0.6133 13.587 0.6666 00172 -0.3773 12378
Schering-Plough Corp. 0.6328 0.0163 0.2619 3.112 1.0663 0.0192 0.1781 7.9979 0.8703 0.0179 02139  6.757
Texaco Inc. 03416 0.0134 0.2656 2.596 0.6644 0.0166 0.1192 6.477 0.5197 0.0152 0.1725 5.829
Texas Instruments Inc. 0.6839 0.0198 02076 3.174 1.0299 0.0268 0.1595 7.848 0.8726 0.0239 0.1831 7.737
United Technologies Corp 0.5801 0.0185 0.3397 2.826 0.7752 0.0170 0.0396  3.190 0.6876 0.0177 0.1933 3.034
Walgreen Co. 0.5851 0.0165 0.3530 3.030 1.1996 0.0185 0.1412 3316 0.9217 00176 02260  3.295
Standart & Poor’s 500 0.1783 0.0075 0.2554 3.131 0.5237 0.0101 -1.6974 36.657 0.3674 0.0090 -1.2236 32.406

Table 1: This table gives the main statistical features of the three samples we have considered. The columns Mean, Std., Skew. and Kurt. respectively give
the average return multiplied by one thousand, the standard deviation, the skewness and the excess kurtosis of each asset over the time intervals form July
1962 to December 1979, January 1980 to Decemeber 2000 and July 1962 to December 2000. The excess kurtosis is given as indicative of the relative
weight of large return amplitudes, and can always be calculated over a fi nite time series even if it may not be asymptotically defi ned for power tails with
exponents less than 4.



Negative Tail Positive Tail
oa=3 aoa=35 oa=4 o=3 oa=3.5 o=4

Abbott Labs 0.12 0.09 0.06 0.11 0.08 0.06
American Home Products Corp. 0.22 0.18 0.15 0.25 0.22 0.19
Boeing Co. 0.16 0.13 0.10 0.13 0.10 0.07
Bristol-Myers Squibb Co. 0.22 0.19 0.16 0.28 0.25 0.23
Chevron Corp. 0.21 0.17 0.14 0.26 0.23 0.20
Du Pont (E.1.) de Nemours & Co.  0.38 0.37 0.35 0.37 0.35 0.33
Disney (Walt) Co. 0.24 0.20 0.17 0.23 0.19 0.16
General Motors Corp. 0.39 0.37 0.35 0.48 0.47 0.47
Hewlett-Packard Co. 0.15 0.12 0.09 0.23 0.20 0.17
Coca-Cola Co. 0.26 0.22 0.19 0.26 0.23 0.20
Minnesota Mining & MFG Co. 0.35 0.32 0.30 0.35 0.33 0.31
Philip Morris Cos Inc. 0.25 0.22 0.19 0.20 0.17 0.14
Pepsico Inc. 0.15 0.12 0.09 0.17 0.14 0.11
Procter & Gamble Co. 0.23 0.19 0.16 0.24 0.21 0.18
Pharmacia Corp. 0.23 0.19 0.16 0.26 0.23 0.20
Schering-Plough Corp. 0.21 0.18 0.15 0.20 0.17 0.14
Texaco Inc. 0.47 0.46 0.46 0.49 0.49 0.49
Texas Instruments Inc. 0.06 0.04 0.03 0.07 0.05 0.03
United Technologies Corp 0.13 0.10 0.07 0.13 0.10 0.07
Walgreen Co. 0.03 0.02 0.01 0.02 0.01 0.01

Table 7: This table summarizes the mean values over the fi rst centile of the distribution of the coetfi cients of
(upper or lower) tail dependence for the positive and negative tails during the time interval from July 1962
to December 1979, for three values of the tail index a0 = 3, 3.5, 4.



Negative Tail Positive Tail
oa=3 o=35 oa=4 a=3 o=35 oa=4

Abbott Labs 0.20 0.17 0.14 0.16 0.13 0.10
American Home Products Corp. 0.12 0.09 0.06 0.10 0.08 0.05
Boeing Co. 0.14 0.11 0.08 0.10 0.07 0.05
Bristol-Myers Squibb Co. 0.32 0.29 0.26 0.25 0.21 0.19
Chevron Corp. 0.18 0.14 0.11 0.13 0.09 0.07
Du Pont (E.I.) de Nemours & Co.  0.23 0.20 0.17 0.16 0.13 0.10
Disney (Walt) Co. 0.16 0.13 0.10 0.15 0.12 0.09
General Motors Corp. 0.26 0.22 0.19 0.20 0.16 0.13
Hewlett-Packard Co. 0.19 0.15 0.13 0.21 0.18 0.15
Coca-Cola Co. 0.24 0.20 0.18 0.20 0.17 0.14
Minnesota Mining & MFG Co. 0.26 0.23 0.20 0.20 0.17 0.14
Philip Morris Cos Inc. 0.11 0.08 0.06 0.11 0.08 0.06
Pepsico Inc. 0.17 0.14 0.11 0.14 0.11 0.09
Procter & Gamble Co. 0.24 0.21 0.18 0.20 0.16 0.13
Pharmacia Corp. 0.10 0.08 0.05 0.10 0.07 0.05
Schering-Plough Corp. 0.23 0.20 0.17 0.16 0.13 0.10
Texaco Inc. 0.43 0.42 0.41 0.31 0.28 0.26
Texas Instruments Inc. 0.02 0.01 0.01 0.02 0.01 0.01
United Technologies Corp 0.20 0.16 0.14 0.18 0.14 0.11
Walgreen Co. 0.15 0.12 0.09 0.09 0.07 0.05

Table 8: This table summarizes the mean values over the fi rst centile of the distribution of the coethi cients
of (upper or lower) tail dependence for the positive and negative tails during the time interval from January
1980 to December 2000, for three values of the tail index o0 = 3. 3.5, 4.



July 1962 - Dec. 1979 Jan.1980 - Dec. 2000

Extremes A_  p-value Extremes A_  p-value
Abbott Labs 0 0.12  0.2937 4 0.20  0.0904
American Home Products Corp. 1 0.22  0.2432 2 0.12 0.2247
Boeing Co. 0 0.16 0.1667 3 0.14 0.1176
Bristol-Myers Squibb Co. 2 0.22  0.2987 4 032 0.2144
Chevron Corp. 3 0.21 0.2112 4 0.18 0.0644
Du Pont (E.I.) de Nemours & Co. 0 0.38 0.0078 4 0.23 0.1224
Disney (Walt) Co. 2 0.24 0.2901 2 0.16 0.2873
General Motors Corp. 2 0.39  0.1345 4 0.26 0.1522
Hewlett-Packard Co. 0 0.15  0.1909 2 0.19 0.3007
Coca-Cola Co. 2 0.26  0.2765 5 0.24 0.0494
Minnesota Mining & MFG Co. 2 0.35 0.1784 4 026 0.1571
Philip Morris Cos Inc. 1 0.25 0.1841 2 0.11 0.2142
Pepsico Inc. 2 0.15 0.2795 5 0.17 0.0141
Procter & Gamble Co. 1 0.23  0.2245 3 0.24 0.2447
Pharmacia Corp. 2 0.23  0.2956 4 0.10 0.0128
Schering-Plough Corp. 0 0.21 0.0946 4 023 0.1224
Texaco Inc. 1 0.47 0.0161 3 0.43 0.1862
Texas Instruments Inc. 0 0.06 0.5222 2 0.02 0.0212
United Technologies Corp 1 0.13  0.3728 4 0.20 0.0870
Walgreen Co. 1 0.03  0.2303 3 0.15 0.1373

Table 10: This table gives, for the time intervals from July 1962 to December 1979 and from January 1980
to December 2000, the number of losses within the ten largest losses incured by an asset which have occured
together with one of the ten largest losses of the Standard & Poor’s 500 index during the same time interval.
The probabilty of occurence of such a realisation is given by the p-value derived from the binomial law (27)
with parameter A .



A. Coefficients of tail dependence

Lower tail dependence Upper tail dependence

Bristol-Myers Squibb 0.16 (0.03) 0.14 (0.01)
Chevron 0.05 (0.01) 0.03 (0.01)
Hewlett-Packard 0.13 (0.01) 0.12 (0.01)
Coca-Cola 0.12 (0.01) 0.09 (0.01)
Minnesota Mining & MFG 0.07 (0.01) 0.06 (0.01)
Philip Morris 0.04 (0.01) 0.04 (0.01)
Procter & Gamble 0.12 (0.02) 0.09 (0.01)
Pharmacia 0.06 (0.01) 0.04 (0.01)
Schering-Plough 0.12 (0.01) 0.11 (0.01)
Texaco 0.04 (0,01) 0.03 (0.01)
Texas Instruments 0.17 (0.02) 0.12 (0.01)
Walgreen 0.11 (0.01) 0.09 (0.01)

This table presents the coefficients of lower and upper tail dependence with the S&P
500 index for a set of 12 major stocks traded on the New York Stock Exchange from

January 1991 to December 2000. The numbers in brackets give the estimated stan-

dard deviation of the empirical coefficients of tail dependence



portfolio X = Y w,.Xj,
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3. Portfolios versus market

p=0.52 p, =0.7

@ Portfolio 1
0.08 1 — Linear regression of o o
the portfolio 1 on the _= =
0.06 - S&P 500 index .
- = Portfolio 2 . .
§ 0.04 4 — Linear regression of _
@ 0.02 the portfolio 2 on the “
= S&P 500 index
© *n
E e ¢ -
- »
o 0.02 -
=
g 0.04 - .
0.06
0.08
0.1 0 I I I I I I I

0.08 0.06 0.04 0.02 0 0.02 0.04 0.06
S&P 500 daily return

Daily returns of two equally weighted portfolios P4 (made of four stocks
with small & < 0.06) and P, (made of four stocks with large L = 0.12) as a
function of the daily returns of the S&P 500 from Jan 1991-Dec 2000



Modified-Weibull distributions

Definition: A random variable X is said to follow a
modified Weibull distribution with exponent ¢ and scale
factor %, if and only 1f the random variable

Y=sgn(X)«/§(‘£j :
X

follows a normal distribution.
c/2-1 (‘X J
exp| —| —
4

Its density 1s:

(x) = | C
P 2\/; IC/Z

x




Large deviation theory applied to portfolios of assets
with modified-Weibull PDFs

S&P 500

10! <
For a modified-Weibull
distribution:

4
o
S~
)
(ranssian retums

Y = sgn(X)«/E —
4

N—

Eaw retums

Figure 2. A graph of the returns of the Gaussianized Standard and
Poor’s 300 index versus its raw returns, from 3 January 1995 to 29
December 2000 for the negative tail of the distribution.



Tail equivalence

Definition (Tail equivalence). Let X and Y be two random
variables with distribution functions F and G respectively.

X and Y are said to be equivalent in the upper tail if and only
if there exists A, € (0, 00) such that

. 1= F(x)
Iim =
x—=+00 | — G(x)

+.

Similarly, X and Y are said to be equivalent in the lower tail
if and only if there exists A_ € (0, 00) such that

. F(x)
Iim —
x——00 G(x)



Porttolio made of independent assets

Theorem  (Tail equivalence for weighted sums of
independent variables.) Let X, X5, ..., Xy be N
independent and identically W(c, x)-distributed random
variables. Let wy, w», ..., wy be N non-random real

coefficients. Then, the variable
Sy =wi X +uXo+---+wyXy

is equivalent in the upper and the lower tail to Z ~ W(c, X)
with

N (c=1)/c
5 = (Z |w,-|f~m~—n) X, c> 1,

i=1

X = max{|w;], lwal, ..., |wyl}, c < 1.

I




Porttolio made ot dependent assets (3)

Corollary Ler X, X»,.... Xy be N independent random
variables such that X; ~ W(c, x;). Let wi, ws, ..., wy be
N non-random real coefficients. Then, the variable

SN = W, X| + wEXE 4+ ...+ w;""w’XN

is equivalent in the upper and the lower tail to Z ~ W(c, x)
with

N (c=1)/c
o (S

=]

x = max{|lw, x|, lwaxal, ..., lwy xn 1}, c < 1.
I




Porttolio made ot dependent assets (1)

e Multivariate distribution with a Gaussian copula
and modified Weibull margins:

(,';l,?f;‘“/'} I

c/2
i

|: Z V_l (l.fj)(*;’z(_rj)(~f2:|
X CXP| — g S .
o P\ Xi Xj
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Wlth: V;‘j = 2E|:S§11X;Xf](u) (l—fl) j|
Xi XJ

1 N
P(Ilg'ij) = 2NJI'N/2‘\/V'IJ




Porttolio made of dependent assets (2)

Theorem (Tail equivalence for a sum of dependent
random variables.) Ler X, X, .... Xy be N random
variables with a dependence structure described by the
Gaussian copula with correlation matrix V and such that
each X; ~ W(c, x;). Let wy, wa, ..., wy be N (positive)
non-random real coefficients. Then, the variable

Sv=w X1 +wXo+ - -+wnyXy

is equivalent in the upper and the lower tail to Z ~ W(c, x)

with
(e—1)/c
i=(Twboo) .

I

where the o; are the unigue (positive) solutions of

E Virwi xrox ' ~/? = 0,2, Vi
k




The Value-at-Risk

Definition the VaR at the loss probability «, denoted by VaR,,,
1s given, for a continuous distribution of profit and loss, by

Pr{W(t) — W(0) < —VaR,} = a.

which can be rewritten as

VaR,
Pri{S < — _ —
! ! = TWO) }



The Value-at-Risk

Now, using the fact that Fg(x) ~ A_Fz(x), when x — —o¢, and where Z ~ W(c, y). we have

1 VaR,, VaR, \“*
—Pl'I.S'c::— : lzl—da(ﬁ( ! ) )
h_ W(0) W(0)x

as VaR, goes to infinity, which allows us to obtain a closed expression for the asymptotic VaR

with a loss probability «: f
, X[ g a \ ™
VaR, =~ W[{]}—,[CD (I — —)]
21/¢ M

~ &) W)X,

where the function ®(-) denotes the cumulative normal distribution function and

)—]q}—l [ o
c=go(1-5)



Recurrence time of large losses

T, : typical recurrence time
of a loss larger than VaR*

T : typical recurrence time
of a loss larger than VaR =
B-VaR*

In(7/T )

T . VaR* \*
| (—): '“5'—11( ) O(ln ).
" Ty \ W)y T np

Figure 6. The logarithm In(7/T;) of the ratio of the recurrence
time T to a reference time Tj, for the recurrence of a given loss VaR
as a function of A defined by # = VaR/VaR". VaR"* (VaR) is the
VaR over a time interval T, (7).



Porttolio optimization

AN

* min VaR & min y,

AN

e X 1s either a smooth convex function or a
piecewise linear function of the weights w.

— well-posed optimization problems

Malevergne,Y. and D.Sornette (2004): VaR-Efficient portfolios for a class of super- and
sub-exponentially decaying assets return distributions, Quantitative Finance 4, 17-36.




Pareto (PD) versus stretched exponential (SE) PDFs

(new statistical test based on embedding PD into SE)

Test of the Gaussian copula hypothesis
Conditional dependence measures
Extreme dependences for factor models

Asymptotic tail of the PDF of portfolio returns for SE-Gaussian
copulas

VaR for SE-Gaussian copulas
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Investigating Extreme Dependences: Conditioning Effect Versus

Contagion in Latin-American Crises
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Pj Py Pu
Bivariate Gaussian L_.1(3) 1— 3 1=p~ 1 (4) pl# - L (13)
1—p2 o i P
Bivariate Student’s 4

(6) . (7)
\/Pj‘f{f’—” =2 (1-p%) x/pjﬂl,'_.]\/y?ﬁ—ﬂj]

same as (3)

Gaussian Factor Model same as (4) same as (13)

Student’s Factor Model 1— :i, (11) 1 - % (11) -

Table 3: Large v and u dependence of the conditional correlations p7 (signed condition), p? (unsigned
condition) and p,, (on both variables) for the different models studied in the present paper, described in the
first column. The numbers in parentheses give the equation numbers from which the formulas are derived
The factor model 1s defi ned by (8), 1.e., X = aY + ¢. p 1s the unconditional correlation coetfi cient.



Prv=oo Pr=co Pu=ao0
Bivariate Gaussian 0 1 0 0 p
Bivariate Student’s see Table 3 see Table 3 - 2T, 41 (\/m }%ﬁ 1
Gaussian Factor Model 0 1 0 0 P
Student’s Factor Model 1 1 - o, 1‘0_}' Jpg)f_, I 1

Table 4: Asymptotic values of p, p? and p, for v — 400 and © — oo and comparison with the tail-

dependence A and A for the four models indicated in the first column. The factor model is defined by (8),
i.e., X = aY + ¢. pis the unconditional correlation coeffi cient. For the Student’s factor model, Y and ¢
have centered Student’s distributions with the same number v of degrees of freedom and their scale factors

are respectively equal to 1 and o, so that p = (1 + :%i)‘”? For the Bivariate Student’s distribution, we

refer to Table 1 for the constant values of pj___ and p5___.



e first, the conditional correlation coethi cients put much less weight on the extreme tails that the tail-

dependence parameter A. In other words, p;_._ and p’___ are sensitive to the marginals, i.e., there are

determined by the full bivariate distribution, while, as we said, A is a pure copula property independent
of the marginals. Since pj___ and p®___ are measures of tail dependence weighted by the specific

shapes of the marginals, it is natural that they may behave differently.

e Secondly, the tail dependence A probes the extreme dependence property of the original copula of

the random variables X and Y. On the contrary, when conditioning on Y, one changes the copula

of X and Y. so that the extreme dependence properties investigated by the conditional correlations

are not exactly those of the original copula. This last remark explains clearly why we observe what

[Boyer et al. (1997)] call a *“bias™ in the conditional correlations. Indeed, changing the dependence

between two random variables obviously leads to changing their correlations.



-provide a completely general analytical formula for the extreme
dependence between any two assets, which holds for any distribution
of returns and of their common factor

-provide a novel and robust method for estimating empirically the
extreme dependence

-tests on twenty majors stocks of the NYSE.
-comparing with historical co-movements in the last forty years, our
prediction 1s validated out-of-sample and thus provide an ex-ante

method to quantify futur stressful periods

-directly use to construct a portfolio aiming at minimizing the impact
of extreme events.

-anomalous co-monoticity associated with the October 1987 crash.



Extreme dependence
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