What is a Multi-parameter
Renewal Process?

B. Gail Ivanoff Ely Merzbach
University of Ottawa Bar llan University

Forest Fires and Point Processes
Fields Institute Workshop
May 2005



Motivation:

“The archetypal point processes are the
Poisson and renewal processes.”

(Daley and Vere-Jones, An Introduction
to the Theory of Point Processes)
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1. The renewal process as a forest
fire model

A forest fire under a prevailing wind:
One dimension:

R
R
S

Two dimensions:




2. Renewal property on R

Two equivalent ways of looking at the
renewal property:
170 = v X, where X1, Xo, ... are

k=1
i.i.d. nonnegative random variables

(partial sum process).

2. Given the value of T(i_n, 79 is an

independent copy of (1) translated

by rli=1),

. 00 .
Note that if V; = k£1 ]{T(’f)gt} is the

associated point process, () s an FN
stopping time.



Previous extensions of the renewal prop-
erty to higher dimensions were restricted

to partial sum point processes:
: 1
T (4) = > X L
k=1

where X1, Xo, ... are i.i.d. Ri—valued
random variables.

(0,0)



This is not a reasonable model for the
spread of a forest fire.

A Poisson process is not renewal in this
sense.

How do we extend the renewal property
to higher dimensions to include point pro-
cesses whose jumps are not totally or-

dered?



3. The structure of point processes
on Ri

A point process [NV on Ri may be char-
acterized either by the locations of its
jump points or by the associated process

N¢ =# jump points in |0, £].

(t = (tl, ...,td) = [O,t] = [O,tl]x...x[(),td])

One dimension:

Values of Ng for 0 < s <¢



Two dimensions

(00) Jump points of N .
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Values of N for s € [0, ]
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Note: Jump points of point processes
in higher dimensions are not stopping
times.

In higher dimensions, the appropriate gen-
eralization of a stopping point is a stop-
ping line, or equivalently a stopping set:

Definition: Let /N be a point process
on Rﬁir and let F& be its associated fil-

tration (i.e. F}' = o{Ns:s € [0,1]},
for t € R%Z). A closed random set & C
Rﬂlr is a stopping set (wrt ,7:N) if

{tee}e FN vie RY.

OnR., [0, 7] is a stopping set (wrt F)
if and only if 7 is a stopping time. Let
& =10,70] = {s: No_ < i}.
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On RSZF, the following are stopping sets:
n = {s: Ns— = Ny 4y <n}.
Exposed points of &;:
c(€n) = min(g5) = {r1", 75"}
where

min(B) ={t € B:s LtVs € B,s #t}

§ &80 58 ¢
&6

&
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The stg%’p%g sets &, generated by IV
and their exposed points
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Note:
1. N determines and is determined by

its stopping sets &,,n > 1.
2. Foreachn > 1, & C &,41 C &,

where &1 = {Uk#j(ngn) V T}n), o) }¢.
If &, contains only one exposed point,
then & = RY.

t
i
T§1> &
T§1) &1
(0,0)

The stopping sets & and &
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The d-dimensional analogue of the sin-
gle jump process R is the single line
process:

Definition: A point process M is a sin-
gle line process if its jump points are all
incomparable in the partial order on Rﬁlr,
which is the case if and only if the set of
jump points of M is equal to €(&y). M
Is known as the single line process asso-
ciated with &.
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A single line process M and its values
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2
4. Renewal property on R7

The idea: A renewal process on Rt
can be constructed by successively trans-
lating i.i.d. copies of the single jump pro-
cess associated with 7(1). For a renewal
point process /N defined on Rﬁlr we re-

place (1) with the single line process as-
sociated with &;. Given &, the renewal
times will be the exposed points of &,
and each renewal puts an independent

copy of & (suitably translated) on a set

of the form (T;-n), ) N &Y. Note :

e These sets are disjoint and incompa-
rable.

e Their union is £\ &,.
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< eie : d
Definition: A point process N on RT

Is renewal if
e The “renewal times" generated by &,
(n) _(n) )

are the exposed points €(&,) = (14 ', 19 7, ...).

e Given &, the process N behaves in-
dependently on each of the disjoint

sets (’7'](”>, o) NET.

e Given &, the distribution of &, .1 is
equal to the distribution of

En U (&T NUZ (61, @ Tz(n)))

where &1 1,819, ... are i.i.d. copies of
§and Bet={x+t:te B}

Note: This definition includes the par-
tial sum point process.
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Simulating a forest fire:

e Choose a suitable model for a single
line process M describing the initial
spread after ignition. Use this to con-
struct the jump points that define &;.

e Proceed by iteration: once &, has been
generated, construct &. On each of
the disjoint rectangles of £\ &,, put
an independent copy of M. The ad-
dition of these points defines &, 1 1.
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5. Renewal property and the Pois-
son process

Definition: A point process N on RfllF
Is a Poisson process if there exists a bound-
edly finite diffuse Borel measure A such
that for every finite family of disjoint
bounded Borel sets By, .... B, C RSZr
and ki, ..., ky, € N, we have

P(NBZ- — ki,i — 1,...,71) —

MBUY —ny) oM™ ()

A is called the mean measure of N. If
A is absolutely continuous with density
(A¢) with respect to Lebesgue measure
i, (A¢) is called the intensity of N. If
At = A then N is a homogeneous Pois-
son process.
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Definition: Let NV be a point process
on Ri.

e NV is stationary if the finite dimen-
sional distributions are invariant un-
der translation: i.e. forall By, ..., By, €

B, neNandteT,
P(Np, =k1,...,Np = kp) =
P(NB,gt = k1, ..., NB gt = kn).
e NV has independent increments if for
all disjoint By, ..., By, € B, n € N,
Np,, ..., Np, are independent random
variables.
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Theorem: Let N be a point process on
Ri. The following are equivalent.

1. NV is a homogeneous Poisson process.

2. N is stationary with independent in-
crements.

3. N is a Poisson renewal process.

4. N is renewal with independent incre-
ments and no fixed atoms.

5. N satisfies the waiting time paradox.
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The waiting time paradox on R :
A point process N on R on satisfies
the waiting time paradox if for every s <
t € Ry, N(s,s+ t| is independent of
FYN and

N(s,s + 1] =p N(0,1].

The waiting time paradox on Ri:

A point process N on Ri on satisfies the
waiting time paradox if for every set of
the form R = U 1|0, ¢;] and all s, €
Rfﬁ such that s € R° N(s,s + t] is
independent of ¥ = 0{N, : u € R}
and

N(s,s + 1] =p N(0,1].
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6. Stochastic intensity of the re-
newal process

Roughly speaking, the (F'V-) stochastic
intensity of a point process N is defined
by

MNdt =~ P(N(t,t+dt] =1| F)).

On R4, X determines the law of IV, but
this is no longer true in higher dimen-
sions.

Consider
f}kN = 0{Ng:51 <tjorsg<ty}
The *-stochastic intensity is defined by
Adt =~ P(N(t,t+dt] =1 FV).

A* does not necessarily determine the
law of IV, but it does if IV is Poisson.
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*_Intensity of a single line process
M on R%L

Assumption (F4): Given F(/! ,  the
jump points of M on [0, t1] X (t9, 00) are
conditionally independent of the jump points
of M on (t1,00) X |0,19].

This is satisfied by the forest fire model.

*_stochastic intensity of M:

N = 1 (B) = 0)

where m is the density of the mean mea-
sure of M and

By = [07 t] \ {t}
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*_Intensity of a renewal process N
on R%

N is renewal with associated stopping
sets & and M is the single line process

associated with &;.
Fort € R%

ap = max{a < t: « a renewal point of N}

*_stochastic intensity of IV:

AV =M,
Conjecture: If M satisfies (F4), then
the law of IV is determined by its *-

stochastic intensity.
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Theorem: Let N1, N2 .. bei.i.d. copies
of a renewal process N on R%r and let

n ABR
Np(t):= ¥ N'|——]|.

nlt) =) NG
If M satisfies (F4), then N,, converges
weakly in the Skorokhod topology on R%r
to a homogeneous Poisson process with

intensity A = m(0).
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7. Open Questions

e Renewal property on more general state
spaces

e Cox processes
e regenerative processes
® compensators

e Limit theorems: renewal theorem, Black-
well's theorem
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