I'=5L(n,2),G = SL(n,R)

2, = G/T = {the space of unimodular n x n lattices
with discriminant one}.

One can associate to an integrable function 1 on R™

a function ¥ on Q,, = G /T by setting

o~

)= ¥ fw), gea

vEGL™ vF£0
According to a theorem of Siegel

fRﬂ %bdmn == fG‘/I‘ ?,Edp:
where m™ is the Lebesgue measure on R™ and p is

the G-invariant probability measure on G i B



A a lattice in R™

L CR™ is A-rational if LN A is a lattice in I,
da(L) = d(L) =’ the volume of L/L N A

d(L) = [lvy A ... Ave|| where (v, .. ,V¢) is a
basis of LN A

d(L) ='1if L = {0}

dA(R")=1if AeQ, = SL(n,R)/SL(n,Z)
a;(A) = sup{-A~ D ] L is a A — rational subspace

of dimension i}, 0< i <n

a(A) = max a;(A)

0<i<n

F(A) < e(F)a(A)
for any bounded function J on R™ with compact

support



p>q>1n:p+q,n>3

1i—1

(szeg)—-2mvn+ Z*v — > v

i=p+1

ten, and aie; —€;,2<i<n-—1

ater = e ey, aie, = e
{a:} ¢ H < SO(Qo) € G = SL(n, R)
K=80(M)and K = HNK

K is a maximal compact subgroup of H, and consists of

all h € H leaving invariant the subspace spanned by

{e1 +en,e2,... 5}

o the normalized Haar measure on K

i/ 2\ Faeko)o(k)do (k) = [, FlaukaT)ok)do(h

where f is a continuous function on R™\{0} and

0 is a bounded measurable function on K.



Theorem. (Eskin, Margulis, Mozes 1998) (a) If p > 3,
¢g=>1and0<s <2, orifp=2,9>1and0< s <1,
then for any lattice A in R™

B1ih S aaikA)edo(k) < .
(i) If p=2 and g=2, or if p = 2 and q = 1, then for
any lattice A in R™

t

Su}f ; [ a(atkA)do (k) < .
>

These bounds are uniform as A varies over compact

sets in the space of lattices.



7

Qf /{& &myr;? Ff&EMHOS'é‘ " G:ulmc’x;,ag?,g MT—A}?
an okt c;‘f? cZ W)ﬁoéené 5“@9%476?



Theorem. (Orbit closure theorem, Ratner 1991). Let
G be a connected Lie group, T a lattice in G,

and H a Lie subgroup of G that is generated by

the Ad-unipotent subgroups contained in it. Then

for any xz € G/T', there exists a closed connected
subgroup L = L(x) containing H such that Hz — Lz
and there is an L-invariant probability measure
supported on Lz.

Special Cases (1) Horospherical subgroups
Ug ={u € G| gug™ —1asj— +o00}.

Furstenberg 1972, Veech, Dani

(2) Solvable groups. Starkov (1989)

(3) Generic unipotent subgroups of SL(3,R)
(Dani, Margulis 1998). Suggest an approach for
proving the Raghunathan conjecture in general.



Theorem. (Measure classification theorem, Ratner 1991)
Let G be a connected Lie group and I a discrete
subgroup of H (not necessarily a lattice). Let H be

a Lie subgroup of H that is generated by the
Ad-unipotent subgroups contained in it. Then any

finite H-ergodic H-invariant measure i on G /T is
homogeneous in the sense that there exists a closed
subgroup F of G such that u is F-invariant and

supp p = Fz.

Theorem. (Uniform distribution theorem, Ratner 1991 )
It G is a connected Lie group, T is a lattice in

G,{u(t)} is a one-parameter Ad-unipotent subgroup
of G and x € G/T, then the orbit {u(t)z} is

uniformly distributed with respect to a homogeneous
probability measure p, on G/T in the sense that

for any bounded continuous function f on G AP

,%—,IUT f(u(t))dt — fG/F Tdi, a8 T = 60,



B(A)=inf { vl [ve A, v#oj=ey ()"

T heorer. (M, £972) Lot §1(8)} e a one-pazameser

um'/aaéen-é Sf-vgc?'lﬂﬂlf 67%0 S'A(n?ﬁ) For carcz_;/
bottice ._/_“.E—Q,L thewe excsds ECA)>0 swch
that the sed Siz0|plu(tIB)=ECAIS =

r gaa,ncfegf _

Theovern (Pari 198¢-8). let G be a cornected
Lie ;f‘wu_’/y 4 JT & bottice ¢ Q;FG- Cam/’ﬁbé
subsed ¥ /7 and €>0. Thern Chere

exists a Wa.oé sehset K %63//—’ Seech

'éj?ﬁbf _ﬁ)«r_ a%l A - um}oaf@nf one -/Od.?ameﬁet
Sa%muf’»‘ {u(‘é)j %f C?a.n&c{ J"_‘E/C—)thf
Tz0

g{'ée [O,T} /&(f):c@f{j > (1-&) 7“.
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Blo,e) to the gphene of



(Aef)(x) = [, flakz)do(k), z € X.

The main idea of the proof is to show that «; satisfy
certain systems of integral inequalities which imply the
desired bounds. If 0 < s < 2,p>3 and0<i < n
orp=2qg=2andi=1or3, orifQ0<s< 1, we
prove that for any ¢ > 0 there exist t = t(s,c) > 0 and

w = w(s,c) > 1 such that

Aol < Saf + w? max a;
. 0<j<min(n-—1i,i) \/ i E J

At < of +w? /a3 ;1< i <2, for (p,q) = (2,1)

Ataz s a# +w?\/aqa for (p, q) =(2,2) andi =2



fi(h) = a;(hA),h € H.

Affz's-g %ff—l—wz max - V %—[—jfs'—j

0<j<min(n—z,i)
. def . ) : 3 : ; . g
q(i) = i(n — 1);2q(3) — q(i + 5) — q(i — j) = —252

A(e1Df7) < ge1® fry

. oy i—j o e
12 max Eq(t)—ﬂ ”;f‘”: = \/Eqﬁ—iﬁj}fﬁ[—qu(l_j}ff—j

0<j<min(n—i,i)

<getff vew?  max . fedtiti) fp caafs

0<j<min(n—i,i)

fes(h)= 3 etOf(h)= 3 e1Da;(hA)

0<i<n 0<i<n

Aifes <1+d(A)~% + 5 fe,s + nEWAS, |

Taking € = = we see that
At(s,c fs,s < ff.fs,s +b

where b =1 + d(A)~*



For every neighborhood V of e in H there exists a
neighborhood U ov e in K such that

a:Ua, C KVasa,.K

forany t > 0and r >0

ggg(Ath,S)(e) < 00

implies

sup [, a(aikA)*do(k) < oo
£>0



Lemma 1. Let

F@)={zin... Az | 21,...,2;, € RPT9} C AY(RPH9),
If0<s<2,p23and0<i<norp:2,
q=2andi=1or3, orif0) < s <1, then

do(k) _

lim sup ¥ Takal® — 0.

E=00 weF(3), ||v]|=1

Lemma 2. For any two A-rational subspaces L and M

d(L)d(M) > d(L N M)d(L + M)



