
Accurate Quantum State 
Estimation

via

“Keeping the Expert Honest”

Robin Blume-Kohout (Caltech-IQI)
with Patrick Hayden (McGill)

and Karan Malhotra (IIT-Kanpur)

Experimentalist

quant-ph/0603116



What is State Estimation?

• Goal:  Characterize a 
source of quantum systems.

• You measure N identical copies.

• Measurement record:

• Then report your best guess for .

• Key Application:  Verifying quantum hardware
for fault tolerant quantum computation.
=> probabilities in                    are important!

True
Good
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Poor

ρ

[
10−3 . . . 10−5

]

M =
{

Ê1, Ê2, . . . ÊN
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What’s the Problem?

• Current technology:  Maximum Likelihood Estimation

•         does not honestly represent the experimentalist’s 
knowledge about the observed ensemble.

• Why?          typically has zero eigenvalues:

• Zero eigenvalue = zero probability

ρMLE

λi = 〈φi| ρMLE |φi〉 = 0

ρMLE

absolute certainty

doesn’t admit error bars!

M =
{

Ê1, Ê2, . . . ÊN

}
−→ L(ρ) ≡ p(M|ρ) −→ ρMLE



Yes, it’s a problem

1.  D. F. V. James et. al., “Measurement of  Qubits,” Phys. Rev. A, 64:052312 (2001)
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This matrix is illustrated in Fig. 3 "right#. In this case, the
matrix has eigenvalues 0.986 022, 0.013 977 7, 0, and 0; and

Tr$!̂2%!0.972 435, indicating that, while the linear recon-
struction gave a nonphysical density matrix, the maximum

likelihood reconstruction gives a legitimate density matrix.

V. ERROR ANALYSIS

In this section we present an analysis of the errors inher-

ent in the tomographic scheme described in Sec. III. Two

sources of error are found to be important: the shot noise

error in the measured coincidence counts n& and the uncer-

tainty in the settings of the angles of the wave plates used to

make the tomographic projection states. We will analyze

these two sources separately.

In addition to determining the density matrix of a pair of

qubits, one is often also interested in quantities derived from

the density matrix, such as the entropy or the entanglement

of formation. For completeness, we will also derive the er-

rors in some of these quantities.

A. Errors due to count statistics

From Eq. "3.20# we see that the density matrix is specified
by a set of 16 parameters s& defined by

s&!n& /N, "5.1#

where n& are the measured coincidence counts and N
!'&!1

4 n& . We can determine the errors in s& using the fol-

lowing formula (26):
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where the overbar denotes the ensemble average of the ran-

dom uncertainties *s& and *n, . The measured coincidence

counts n, are statistically independent Poissonian random

variables, which implies the following relation:

*n,*n-!n,*, ,- , "5.3#

where *, ,- is the Kronecker delta.

Taking the derivative of Eq. "5.1#, we find that
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Substituting from Eq. "5.4# into Eq. "5.2# and using Eq. "5.3#,
we obtain the result
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In most experimental circumstances N$1, and so the second
term in Eq. "5.6# is negligibly small in comparison to the
first. We shall therefore ignore it, and use the approximate

expression in the subsequent discussion:
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B. Errors due to angular settings uncertainties

Using the formula "3.7# for the parameters s& we can find

the dependence of the measured density matrix on errors in

the tomographic states. The derivative of s& with respect to

some generic wave plate setting angle 2 is
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where $4&5 is the ket of the &th projection state (see Eq.
"3.5#). Substituting from Eq. "3.14# we find
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For convenience, we shall label the four wave plate angles

$h1,& ,q1,& ,h2,& ,q2,&%, which specify the &th state by

$2& ,1 ,2& ,2 ,2& ,3 ,2& ,4%, respectively. Clearly the +th state does
not depend on any of the &th set of angles. Thus we obtain
the following expression for the derivatives of s& with re-

spect to wave plate settings:
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Yes, it’s a problem

4 qubits (ions)

5 qubits (ions) 6 qubits (ions) 7 qubits (ions)

8 qubits (ions)

1.  D. F. V. James et. al., “Measurement of  Qubits,” Phys. Rev. A, 64:052312 (2001)

2.  Häffner et. al., “Scalable multiparticle entanglement of  trapped ions,” Nature, 438:643-6 (2005)
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Scalable multiparticle entanglement of trapped ions
H. Häffner1,3, W. Hänsel1, C. F. Roos1,3, J. Benhelm1,3, D. Chek-al-kar1, M. Chwalla1, T. Körber1,3, U. D. Rapol1,3,
M. Riebe1, P. O. Schmidt1, C. Becher1†, O. Gühne3, W. Dür2,3 & R. Blatt1,3

The generation, manipulation and fundamental understanding of
entanglement lies at the very heart of quantum mechanics.
Entangled particles are non-interacting but are described by a
common wavefunction; consequently, individual particles are not
independent of each other and their quantum properties are
inextricably interwoven1–3. The intriguing features of entangle-
ment become particularly evident if the particles can be individu-
ally controlled and physically separated. However, both the
experimental realization and characterization of entanglement
become exceedingly difficult for systems with many particles. The
main difficulty is to manipulate and detect the quantum state of
individual particles as well as to control the interaction between
them. So far, entanglement of four ions4 or five photons5 has been
demonstrated experimentally. The creation of scalable multi-
particle entanglement demands a non-exponential scaling of
resources with particle number. Among the various kinds of
entangled states, the ‘W state’6–8 plays an important role as its
entanglement is maximally persistent and robust even under
particle loss. Such states are central as a resource in quantum
information processing9 and multiparty quantum communi-
cation. Here we report the scalable and deterministic generation
of four-, five-, six-, seven- and eight-particle entangled states of the
W type with trapped ions. We obtain the maximum possible
information on these states by performing full characterization
via state tomography10, using individual control and detection of
the ions. A detailed analysis proves that the entanglement is
genuine. The availability of such multiparticle entangled states,
together with full information in the form of their density
matrices, creates a test-bed for theoretical studies of multiparticle
entanglement. Independently, ‘Greenberger–Horne–Zeilinger’
entangled states11 with up to six ions have been created and
analysed in Boulder12.
We consider particles with the two levels jSl and jDl. Then an

N-particle W state

jWN l ¼ðjD· · ·DDSl þ jD· · ·DSDl þ jD· · ·DSDDl

þ · · ·þ jSD· · ·DlÞ= ffiffiffiffi
N

p ð1Þ

consists of a superposition of N states where exactly one particle is
in the jSl state while all others are in jDl (refs 6, 7). W states are
N-particle entangled states of special interest: their entanglement is
not only maximally persistent and robust under particle loss13, but
also immune against global dephasing, and rather robust against bit
flip noise. Because of this robustness, W states may lead to stronger
non-classicality14 than GHZ states11 for large numbers of particles. In
addition, they may also be used for quantum communication15–17.
The generation of such W states is performed in an ion-trap

quantum processor18. We trap strings of up to eight 40Caþ ions in a
linear Paul trap. Superpositions of the S1/2 ground state and the
metastable D5/2 state of the Caþ ions (lifetime of the jDl level:

t < 1.16 s) represent the qubits. Each ion qubit in the linear string is
individually addressed by a series of tightly focused laser pulses on
the jSl ; S1=2ðmj ¼ 21=2Þ$jDl ; D5=2ðmj ¼ 21=2Þ quadrupole
transition employing narrowband laser radiation near 729 nm.
Doppler cooling on the fast S $ P transition (lifetime ,8 ns) and
subsequent sideband cooling prepare the ion string in the ground
state of the centre-of-mass vibrational mode18. Optical pumping
initializes the ions’ electronic qubit states in the jSl state. After
preparing an entangled state with a series of laser pulses, the
quantum state is read out with a CCD camera using state selective
fluorescence18.
The W states are efficiently generated by sharing one motional

quantum between the ions with partial swap operations (see
Table 1)8. For an increasing number of ions, however, the initializa-
tion of the quantum register becomes more and more difficult as
technical imperfections—like incomplete optical pumping—add up
for each ion. Therefore, for N ¼ 6,7,8, we first prepare the state
j0;DD· · ·Dl with N p pulses on the carrier transition18, where the 0
refers to the motional state of the centre-of-mass mode. Then, laser
light resonant with the S $ P transition projects the ion string on the
measurement basis. Absence of fluorescence indicates that all ions are
prepared in jDl. Similarly, we test the motional state with a single p
pulse on the blue sideband18. Absence of fluorescence during a
subsequent detection period indicates ground state occupation.
Success of both checks (total success rate $0.7) confirms that the
desired initial state j0;DD· · ·Dl is indeed prepared. We can then start
with the actual entangling procedure (step (1) in Table 1) and create
jWNl states (N # 8) in about 500–1,000 ms.
Full information of the N-ion entangled state is obtained via

quantum state reconstruction by expanding the density matrix in a
basis of observables19 and measuring the corresponding expectation
values. In order to do this, we employ additional laser pulses to rotate
the measurement basis prior to state detection10. We use 3N different
bases and repeat the experiment at least 100 times for each basis. For
N ¼ 8, this amounts to $656,100 experiments and a total measure-
ment time of 10 hours. To obtain a positive semi-definite density
matrix r, we follow the iterative procedure outlined in ref. 20 for
performing a maximum-likelihood estimation of r. The recon-
structed density matrix for N ¼ 8 is displayed in Fig. 1. To retrieve
the fidelity F ¼ kWNjrjWNl, we adjust the local phases such that F is
maximized (see Methods). The local character of those transform-
ations implies that the amount of entanglement present in the system
is not changed. We obtain fidelities F4 ¼ 0.85, F5 ¼ 0.76, F6 ¼ 0.79,
F7 ¼ 0.76 and F8 ¼ 0.72 for the 4-, 5-, 6-, 7- and 8-ion W states,
respectively.
The probabilistic nature of the measurement process requires an

infinite number of measurements for a perfect reconstruction of the
density matrix. In order to assess the error introduced by the finite
number of measurements (quantum projection noise), we have used
a Monte Carlo simulation to create up to 100 comparable data sets.

LETTERS
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Universität des Saarlandes, Postfach 151150, D-66041 Saarbrücken, Germany.

Vol 438|1 December 2005|doi:10.1038/nature04279

643



Error Bars?

• “But aren’t there error bars in there?”

• Not always.

• What does                   mean?
           

• Increasing small probabilities 
=> decreasing large ones

• Effect of “fixing” 
~218 zero eigenvalues?

p = 0 ± 0.1

p 10

P(p)

8 qubits (ions)

=⇒ p = 0.05 ± 0.05



States as Predictions

• Quantum states are like probability distributions: they
predict the outcome of future measurements.

• Lets define a metric f(ρ : σ) that measures how well
σ predicts measurements on ρ.

1. The best estimate of ρ is ρ itself.
– i.e., f(ρ : ρ) > f(ρ : σ) for all σ != ρ.

2. f(ρ : σ) should correspond to an operational test
– i.e., someone’s utility (reward or cost)

for some practical procedure.

quant-ph/0603116



G(ρ)

ρ
σ

Quantum
Strictly Proper Scoring Rules

1) f(ρ : σ) =
∑

i p(i)Ri(σ)

Measurement = {Ei} :
∑

Ei = 1l.

f(ρ : σ) =
∑

i

Tr[ρEi]Ri(σ)

= Tr[ρR(σ)]

where R(σ) =
∑

i EiRi(σ).

Define “value”: G(ρ) ≡ f(ρ : ρ) = Tr[ρR(ρ)].

2) f(ρ : ρ) > f(ρ : σ) if σ != ρ.

f(ρ : ρ) > f(σ : σ) + f(ρ : σ) − f(σ : σ)

G(ρ) > G(σ) + Tr [(ρ − σ)R(σ)]

• G(ρ) must be strictly convex.

• f(ρ : σ) is a subtangent to G(ρ)

• The estimator’s expected loss for lying is ∆(ρ : σ) ≡ G(ρ) − f(ρ : σ).
• ∆(ρ : σ) is an operational divergence = good measure of σ’s predictive accuracy.
• Operational divergences are 1 : 1 with strictly convex “entropies” G(ρ).

Victor the Verifier measures a copy of ρ, and pays you Ri(σ) if he gets outcome i.

Tr [(ρ − σ)R(σ)]

Tr [(ρ − σ)R(σ)]



A survey of metrics

Improper (motivates lying)

}Non-operational

• Good metrics (Operational Divergences)

1. L2 distance: Tr [(ρ − σ)2] ⇔ Ri = 2si − Tr(σ2) − 1

2. Relative entropy: S(ρ||σ) = Tr
[
ρ log σ

ρ

]
⇔ Ri = ln(si)

• Bad metrics

1. Overlap: 1 − Tr[ρσ]

2. Trace-norm: ||ρ − σ||1
3. Fidelity: 1 −

[
Tr

√√
σρ

√
σ

]2



Bayesian Mean Estimation
unconditionally optimizes every operational divergence

If you know ρ, the optimal estimate is σ = ρ.

But what if your knowledge is uncertain (probabilistic)?

=⇒ the state could be ρi with probability πi.

Key fact: f(ρ : σ) =Tr[ρR(σ)] is linear in ρ.

=⇒ expected utility is

f =
∑

πif(ρi : σ) = f
(∑

πiρi : σ
)

=⇒ optimal estimate is σ = ρ ≡ ∑
πiρi

If unknown ρ was selected from distribution π0(ρ)dρ,
and measurements M = {E1, E2 . . .} were made, then:

1. Your knowledge is π(ρ)dρ = p(M|ρ)π0(ρ)dρR
p(M|ρ)π0(ρ)dρ

.

2. The optimal estimate is ρ =
∫

ρπ(ρ)dρ.

This is fairly 
straightforward, but 

tedious... see
quant-ph/0603116



But isn’t this obvious?

(a) Suppose we optimize fidelity.

F (ρi, ρ) = 3
4

F (ρi, |↗〉〈↗|) = 3+2
√

2
4+2

√
2

≈ 0.85

Moral: fidelity measures how well σ
simulates ρ, not how well it estimates ρ.

ρ

50%

50%

|↗〉〈↗|

(b) Suppose we assume the future will look
(statistically) just like the past.

• We know what future datasets will look like

• We can add them to measurement record

• M −→ M ∪ M ∪ M ∪ . . .

• p(M|ρ) −→ p(M|ρ)∞

• So π(ρ)dρ → δ (ρ − ρMLE)

Moral: MLE can be derived by assuming
this “frequentist axiom”.

(This explains a lot. . . )

NO



How good is MLE?
Numerics:

1. Generate random (Hilbert-
Schmidt measure) mixed
states ρ for n qubits,

2. Measure each of 4n−1 Pauli
observables N times,

3. Analyze measurement record
to get σ,

4. Compare σ to ρ using:

(a) L2-norm,
Tr [(ρ − σ)2],

(b) relative entropy,
Tr [ρ(ln ρ − ln σ)],

(c) fidelity,

Tr
[√√

σρ
√

σ
]2

(d) L1-norm,
Tr [|ρ − σ|].
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Quick & Dirty Tomography
1. MLE gets computationally difficult for large systems.

2. BME is even harder!

3. 1√
3
(|D.James〉 + |T.Havel〉 + |P.Jessen〉) suggested “quick ’n’ dirty tomography”.

σtomo =


λ1

λ2

−λ3

−λ4

 −→


λ1

λ2

0
0

 −→ 1

λ1 + λ2


λ1

λ2

0
0

 = σ.
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Conclusions

• It’s worth thinking carefully and deeply about state 
estimation.

• Operational divergences are a good way to 
evaluate the predictive accuracy of estimates.

• BME is optimal, and a baseline for evaluating other 
(more efficient) approaches.

• Quick & dirty methods can outperform MLE.


