Upper and lower bounds for normal derivatives

of spectral clusters of Dirichlet Laplacian

Xiangjin Xu

Binghamton University
and
CRM/McGill University

Workshop on Harmonic Analysis
February 19 - 23, 2008

at FIELDS INSTITUTE, Toronto



Outline of Talk:

1. Problem setting and results

2. Examples

3. Rellich-type estimates and Perturbation estimates

4. Sketch proof of upper bounds

5. Sketch proof of lower bounds



I. Problem setting: Compact manifold (M, g) with boundary Y = oM.

Dirichlet eigenvalue problem: Ayu~+ Xu =0, onM; u(z) =0, onY = M
e Discrete spectrum 0 < A2 < A3 < --- §>\j2 < ih > 00
e L2-normalized eigenfunctions {eo(x),e1(x), -+ ,e;(x)- -}

e Define the spectral projection operator(Spectral Cluster)
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ej(f) = ej(a:)/Mej(y)f(y)dy projection onto eigenspace of ;.

Question: Do there exist constants C'1,C> > 0, depending on M but not on
A, such that
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e By heat kernel techniques, Ozawa [Osaka J. Math, 1993] showed the aver-
aged version of (*) holds:
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Z [0nei(y)]? = D1N"T2 + o(A"12), for eachy €Y.
A<

Conjecture 1:

> 0ne;()]? = D1A"T? + DoH(y)A" T 4+ o(A"TY),  for eachy €Y.
A<

Conjecture 2: Do there exist constants C1,C> > 0, depending on M but not
on A, such that

C1j < ||Onejll vy < CaA



Single eigenfunction case:
e Hassell-Tao[Math.Res.Lett., 2002] answered for single eigenfunction:

Theorem (Hassell-Tao, 2002): Let (M, g) be a smooth compact Rieman-
nian manifold with boundary.

Upper Bound: There exists C > 0 independent of j, such that
|[Onejl|o(vy < CA

Lower bound: Suppose M can be embedded in the interior of a compact
manifold with boundary, N, of the same dimension, such that every geodesic
in M eventually meets the boundary of N. There exists C > 0 independent of
7, such that

||Onejl|r2cvy = CNj

e In particular, both results hold for bounded domain of Euclidean space.



Spectral clusters case:

Theorem(X. Xu): Let (M,g) be a smooth compact Riemannian manifold
with boundary.

Upper Bound:[2004] For any constant s > 0, there exists C > 0 independent
of A, such that

sup Z [One;(y)]? < CA™TE
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Lower bound:[2007] Suppose M can be embedded in the interior of a com-
pact manifold with boundary, N, of the same dimension, such that every
geodesic in M eventually meets the boundary of N. For small constant s > O,
there exists C > 0 independent of A, such that
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In particular, both results hold for bounded domain of Euclidean space.



II. Examples:

e Example 1 — the disc. Let M = {x € R?||z| < a} for some a > 0. One has
an equality

2
[One;(]Pdy = —.
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This follows from Rellichs identity, which also gives the same result in all
dimensions.

e Example 2 the cylinder. Let M = [0,1] x S' , the product of an interval
with a unit circle . Then the normalized eigenfunctions are

uw = +/1/mwsin(mrz)e™?, m,nintegers; A% = (mn)? + (n/2)>
The L? norm of its normal derivative is ||0,ull = 2m.

Upper bound holds but no lower bound holds if one holds m fixed and sends
n to infinity.



e Example 3 the upper hemisphere. Let M be the hemisphere
M={zxeR|z|]=1, <z (0,0,1) >> 0}.

In this case, the eigenfunctions are given by those spherical harmonics which
are odd under reflection in the (z1,22) plane, namely, spherical harmonics

u =Y, =e™P,,(cos0), N =I1(1+1),
where —I < m <[ and [ — m is odd, using spherical polar coordinates.
Take m =1 — 1, then eigenfunction is
u = e V?(sin0)"tcosh, Opu = et
where ¢; is the normalization factor. Direct computation gives

: 204+1(21—-1)(20—-3)---3 21+1 (21 — 1)!
which has asymptotic

While
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III. Rellich-type estimates and Perturbation estimates

Lemma 1.(Rellich-type estimates) Let u = x}f be the spectral projection
of f. Then for any differential operator A,

/ OnuAudo = / <u,[-A,Alu > dg + / < (=A = 2XDu, Au > dg
Y M M

—/ <u, A(—A — X?)u > dg.
M

Proof: Follow from [-A, A] = [-A — )2, A] and

/ OhuAudo = / < (=A =X, Au > dg — / <u, (A — A2 Au > dg.
Y M M

which follows from Green’'s formula and v =0 on Y.



Lemma 2.(Perturbation estimates) Let u = x3 f be the spectral projection
of f, one has

(= = X*)ull2 < 3sA|[ul]2.

Proof: Direct computation:
1(—A - X)ul = / < (“D =N, (—A — N)u > dg
M
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IV. Sketch proof of upper bound

Choose geodesic coordinates (r,y) on [0,0] x Y. Pick A = x(r)0,, where
x € C°(R), x(0) =1 and x(r) =0 for » > 4. From Lemma 1,

/ OnhuAudo = / <u,[—A, Alu > dg + / < (=2 = X2)u, Au > dg
Y M M

—/ <u, A(—A — X%)u > dg.
M

There are first order (vector-valued) differential operators B1, B> with smooth
coefficients.

||8nu||%2(y) = / OnuAudo
Y
|/ <u, [-A, Alu > dg| = |/ < Biu, Bou > dg| < c/ < Vu, Vu > dg < 2X?||ul|3
M M M
[ <A = Nu > dgl < [[(-A = Nullafldullz < Cs\?ul
M

| / < u, A(=A = X)u > dg| < |A(=A — X)ullallull2 < CsA2|[ull2
M

Remark: Choose A = Q*Q0, near the boundary, with @ an elliptic differential
operator of order k in the y variables, one has the upper bound

||| gryy < CX*||ul|2
for any integer k, and hence (by interpolation) any real k.



V. Sketch proof of lower bound
1. Simple proof for Euclidean bounded domains M C R"
Choose A =)>" ,x;0;. One has [-A,A] = —-2A, from Lemma 1,
/ OnuAudo = / <u,[-A,Alu > dg + / < (=A = 2\u, Au > dg
Y M M
—/ <u, A(—A — X?)u > dg.
M
One has
/ OnuAudo = / < n,x > (Opu)?do < C’||8nu||%2(y)
Y Y
/ <u,[-A,Alu > dg = / <u,—2Au > dg = 2/ < Vu,Vu >dg > 2)\2||u||3
M M M
I/ < (= = X)u, Au > dg| < [|(—A = X)ul|2]|Aull2 < CsA?||ul3
M

| / < u, A(=A = X)u > dg| < ||A(=A — X)ullallull2 < CsX2|[ull3
M



Our next task is to get an identity for a first order classical pseudodifferential
operator A similar to Lemma 1. Since A is now pseudodifferential and there-
fore non-local, it is important to take into account the fact that « is defined
only on M. Let u denote the extension by zero to N.

Lemma 1'.(Rellich-type estimates) Let u = x> be the spectral projection
of f, and let A be a first order classical pseudodifferential operator satisfying
the transmission condition. Then

/<a, [H, Alw)dg + / < (=A =2\, Au > dg — / <u, A(=A = X%)u > dg
M M
M

= 29 %AﬂdU—/(@)QCdO',
v ov
Y Y

where c(y) = lim,— p~1a(0,y, p, 0).



2. Estimates for spectral clusters near the boundary

Choose geodesic coordinates (r,y) on [0,8] x Y. The metric g can be written
as

g = dr® + hijdy;dy;

Denote Y, as the the submanifold r x Y under the geodesic coordinates with
r<o.

Lemma 3. There exists C' > 0, independent of A, for u = x3 f, such that
/ u?do < CN?r?, Vrel0,§/2];
Y,

/ w?drde < CX°r3, VY re[0,§/2].
[0,r]xY



3. Existence of A with positive commutator [—A,,, A]

Goal: Construct a first order pseudodifferential operator A with positive
commutator [—Ay, A].

Lemma 4.(Lemma 4.1 in [Hassell-Tao,2002]) Given any geodesic ~ in
S*N, there is a first order, classical, self- adjoint pseudodifferential operator
(Q satisfying the transmission condition, and properly supported on N, such
that the principal symbol o(:[H, Q]) of i[H, Q] is nonnegative on T*M, and

o(i[H,Q]) > o(H) = |£]?, on a conic neighbourhood U, of v N T* M.

For each geodesic v in S*N, there is a conic neighbourhood U,. By compact-
ness of S*M, a finite number of the U, cover S*M. Define A = > Q.. From
Lemma 4, one has

o(ilH,A]) > [¢]?,  onT*M.
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