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Bubble space and piecewise triviality



The Peter-Weyl subalgebra

Let H be the C∗-algebra of a compact quantum group

and PW (H) its dense Hopf ∗-subalgebra spanned

by the matrix coefficients of the irreducible unitary

corepresentations. Let A be a unital C∗-algebra and

let δ : A → A ⊗min H be a coaction. We define the

Peter-Weyl subalgebra of A as:

PWH(A) := { a ∈ A | δ(a) ∈ A ⊗
alg

PW (H) }.

The Peter-Weyl subalgebra PWH(A) is:

• a PW (H)-comodule algebra,

• a dense ∗-subalgebra.

The operation PWH commutes with taking equivariant

pullbacks. Also,

AcoH = PWH(A)coPW (H).



One-surjective pullbacks

of principal comodule algebras

Main result: Let H be a Hopf algebra with bijective

antipode, and let
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be a one-surjective pullback diagram of H-comodule

algebras. Then P is principal, if P1 and P2 are principal.

Corollary: Let P be a flabby sheaf of H-comodule

algebras over a topological space X . If {Ui}i is a finite

open covering such that all P(Ui)’s are principal, then

P(U) is principal for any open subset U ⊆ X .



Compact principal bundles

Freeness is equivalent to the injectivity of the map

X × G ∋ (x, g) 7−→ (x, xg) ∈ X ×
X/G

X.

Combining the local triviality of G-principal bundles

when G is a Lie group with the pullback theorem for

principal comodule algebras, one can show:

Corollary: Let G be a compact group and X a compact

Hausdorff G-bundle. Then X is a principal bundle if

and only if PWC(G)(C(X)) is a principal comodule

algebra.



Noncommutative join construction

P1 := {f ∈ C([0, 1], H̄) ⊗ H | f(0) ∈ ∆(H)},

P2 := {f ∈ C([0, 1], H̄) ⊗ H | f(1) ∈ C ⊗ H}.

The Pi’s are H-comodule algebras via

∆Pi
= idC([0,1],H̄) ⊗ ∆,

and the subalgebras of H-invariants are

B1 := {f ∈ C([0, 1], H̄) | f(0) ∈ C},

B2 := {f ∈ C([0, 1], H̄) | f(1) ∈ C}.



Heegaard quantum 3-spheres
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Finite coverings

A finite family {πi : P → Pi}i∈{1,...,N} of surjective

algebra homomorphisms is called a weak covering if

∩i=1,...,N kerπi = {0}.

Denote by KerπN the lattice of ideals generated by the

kerπi’s with ∩ and + as the join and meet operations,

respectively. A weak covering is called a covering if the

lattice KerπN is distributive.

An ordered family (πi : P → Pi)i∈{1,...,N} is called an

ordered covering if the set {πi : P → Pi}i∈{1,...,N}

is a covering.



Finite projective space

with Alexandrov topology

Let PN−1(Z/2) be the 2-element field (N − 1)-
projective space

P
N−1(Z/2) := {0, 1}N \{(0, . . . , 0)}

whose topology subbasis is its covering by affine spaces,

i.e., this topology is generated by the subsets

Ai := {(z1, . . . , zN) ∈ P
N−1(Z/2) | zi 6= 0}.

The category of compact Hausdorff spaces X with a

given ordered closed covering (Ci ⊆ X)i∈{1,...,N} is

equivalent to the opposite category of flabby sheaves of

commutative unital C∗-algebras over P
N−1(Z/2).







Covering Lemma

If (Λ,∨,∧) is a lattice generated by λ1, . . . , λN , then

we can define maps

λ
LΛ

7−→{{i1, . . . , ik} ⊆ {1, . . . , N} | λi1 ∧ . . . ∧ λik ≤ λ}

α
RΛ

7−→
∨

{i1,...,ik}∈α

(

λi1 ∧ . . . ∧ λik

)

.

Lemma: Let CN be the category of ordered N -

coverings of algebras, and FN be the category of

flabby sheaves of algebras over PN−1(Z/2). Then the

following assignments

(πi : P → Pi)i
F
7−→

(

P : U 7→ P/RKer
π
N(LΓN(U))

)

U

P
G
7−→

(

P(PN−1(Z/2)) → P(Ai)
)

i

are functors establishing an equivalence of the categories

CN and FN .


