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Main result

Cocycle conjugacy

Definition

Let a: G ~ A be an action of a countable discrete group G on a
unital C*-algebra A.

{ug}geq C U(A) is called an a-cocycle, if

ugag(up) = ugy, Vg,h € G.
Two actions «, 5 : G ~ A are said to be cocycle conjugate, if

Iy € Aut(A), FHuy}y a-cocycle

Adugoag:'yoﬁgo'y_l Vg € G.
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Main result

Uniform outerness

Definition (Kishimoto 1996)
a € Aut(A) is said to be uniformly outer, if

VYa € A, Vnon-zero projection p € A, Ve >0

dprojections p1,p2,...,pn € A

n
p= Zpi, lpiac(p)|| < e Vi.

=1

+ If « is uniformly outer, then for any a-invariant tracial state
7, the extension & on 7.(A)” is outer.
If A is purely infinite simple, then outerness implies uniform
outerness.



Main result

Main theorem

a: G~ Alis said to be uniformly outer, if ay is uniformly outer
forall g € G\ {e}.

Theorem (Katsura-M 2007)

Let A be a UHF algebra and let o, 3 : Z? ~ A be uniformly outer
actions.

Then, o and 3 are cocycle conjugate if and only if [a] = [f].

If A is of infinite type, i.e. A= A® A, then any uniformly outer
actions of 7% are cocycle conjugate to each other.



History

Background

- (Connes, Jones, Ocneanu 1980's)
If a,3: G ~ R are outer actions of an amenable group G on
the AFD Il;-factor R, then « is cocycle conjugate to .

- (Herman-Ocneanu 1984)
Rohlin property and stability of single automorphisms of
AF-algebras.

- (Bratteli-Kishimoto-Rgrdam-Stgrmer 1993)
Rohlin property of the shift automorphism of UHF(2>).

- (Evans-Kishimoto 1997)
EK intertwining argument and classification of automorphisms
of AF algebras with the Rohlin property.



History

Classification of Z-action

Theorem (Kishimoto 1998)

Let A be a unital simple AT algebra of real rank zero with unique
tracial state T and let o € Aut(A) be approximately inner. Then,
the following are equivalent.

¢« has the Rohlin property.

¢ o™ is uniformly outer for all m € N.

¢ a™ on m (A)" is outer for all m € N.

Theorem (Kishimoto 1998)

Let A be a unital AT algebra of real rank zero. If o, 3 € Aut(A)
have the Rohlin property and o3~ is asymptotically inner, then o
is cocycle conjugate to (3.



History

Rohlin property for Z2-action (1)

& = (1,0), & =(0,1) € Z*
We let A® = (*(N, A)/co(N, A) and Ao = A N A"
Definition (Nakamura 1999)

a : 72 ~ Ais said to have the Rohlin property, if for any M € N,
there exist R €N, m, e N? (r=1,2,...,R) and

N eAdyw (r=1,2,...,R, g€ Z?/m7?

projections e

such that




History

Rohlin property for Z2-action (2)

Theorem (Nakamura 1999)

Let A be a UHF algebra. For a Z?-action « : 72 ~ A, the
following are equivalent.

¢« has the Rohlin property.

° « Is uniformly outer.

Theorem (Nakamura 1999)

Let A be a UHF algebra of infinite type. Any two uniformly outer
Z2-actions of product type on A are cocycle conjugate to each
other.



Stability

What is stability?

We would like to compare two actions o, 3 : G ~ A. Suppose that
there exists an a-cocycle {ugy}g4cq in A such that

Bg(a) =Adugoay(a) Yaec A, geG.
Stability of « implies there exists a unitary v € A* such that
ug = vag(v*) VgeQqG.
Then, we would have
Bg(a) = Advoag(a) o Adv*(a) Vae A, g€ G,

which may induce ‘conjugacy’ between « and 3.
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Stability

Stability for Z-action

An automorphism a € Aut(A) with the Rohlin property, a unitary
u € A and € > 0 are given.
We wish to find v € A such that ||ju — va(v*)|| < e.

T
von-Neumann algebras setting: v =)} ugey,
where eg, e1,...,e,_1 are Rohlin projections for o and
uy is determined by up = 1 and uy, = ua(ug_1).

In C*-algebras setting, we need ‘adjustment term’.
n—1
k
v = Zuka (wy)ex
k=0

wy's are unitaries satisfying wg &~ wi_1, Wy & Up, Wp_1 ~ 1,
They are obtained by a path from wu, to 1.
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Stability

Stability for Z*-action (1)

We are given an action a : Z> ~ A with the Rohlin property and
an a-cocycle {up },cz2 in A (or A>).
Let e(; y (0 <i <k, 0<j <) be Rohlin projections and put

k—11-1
=D > U6 (W) Gig)-
=0 j=0
In order to obtain |lug, — vag, (v*)]| < e (i = 1,2), we need

Hw(i,j) - w(iJrl,j)H <kg, Hw(i,j) - w(i,j+1)” <kg,

1w0(0,5) = W(k,0)(k,0) (Wir—1,5)) || <&,

1w 0) — w000 (Wi—1) |l < e
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Stability

Stability for Z*-action (2)

To simplify notation, we denote a0y, (0,1), U(k,0), U(0,])
by a1, ag, up, uz. Note that we have uja;(ug) = ugag(uy).

(251 1

How do we define a continuous map
from [0,1] x [0,1] to U(A) ?

uien () Can we extend unitaries on the
boundary to the whole square 7

— K € Kl(SA) = Ko(A)

— Lipschitz continuity.

uzaa(*)

U2




Stability
Homotopy lemma

Lemma

For any C > 0 and € > 0, there exists C' > 0 such that: For any
n €N andw:[0,1] — U(M,) with

- u(0) =u(l) =1,

» Lip(u) < C,

- [u] € K1(Cp(0,1) ® M,) = Ko(M,) is zero,
there exists a path of self-adjoint elements a : [0, 1] — M,
satisfying the following.

© Ju(t) — e2™V100|| < ¢ for all t € [0,1].

° a(0) =a(l) =0.

¢ Lip(a) < C'.

13/23



Invariant
Preliminary

Let A be a UHF algebra. For each prime number p, we put

¢(p) = sup{k € NU {0} | [1] is divisible by p* in Ky(A)}
€{0,1,2,...,00}.

For a Z2-action a on A, the invariant [a] will be defined as an
element in
H 7.)p* )7,
peP(A)
where P(A) = {p| 1 < ((p) < oc}.

Note that A is of infinite type, i.e. A= A® A if and only if P(A)
is empty.
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Invariant

Invariant (1)

Let o, B be two Z?-actions on A.

Take p € P(A) and let Ay C A be a unital subalgebra which is
isomorphic to M ¢ (C).

Choose a finite dimensional subalgebra A; C A sufficiently large.
For each i = 1,2, we can find u; € U(A) such that

Bi(a) = Adu; oa;(a)  Va € A;.

Then, 2 = ujaq(ug)(ugae(ug))* almost commutes with Ay.
Take a path of unitaries h : [0,1] — U(A) from 1 to z, which is
almost contained in A N A{j. We may assume h is piecewise
smooth.
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Invariant

Invariant (2)

Compute
1

1 .
s | o)

where 7 is the unique tracial state on A.

- Ar(r) = Ar(uron (u2)(ugan(u))*) = 0, where
A;:U(A) — R/7(Kp(A)) is the de la Harpe-Skandalis
determinant.

- So, this value ¢ belongs to 7. (Ky(A)).

+ If we take another path k from 1 to z, then by connecting h
and k, we obtain a closed path which is almost contained in
AN A

- Ko(A)/Ko(AN A)) is isomorphic to Z/pP)Z,

We let [3,0](p) € Z/pP)Z be this value mod 7. (Ko(AN AL)).

0=
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Invariant

Invariant (3)

We let
B,ale ] z/r*Pz

pEP(A)

be the collection of all [3, a](p).

In the setting above,
« [B,al(p) does not depend on the choice of Ay, Ay, u; € U(A)
and h:[0,1] - U(A),
e [’Y,Q] = [’y’ﬁ] + [ﬁ,O&].

Define [a] = [, id].

Our main theorem claims that [« is the complete invariant for
cocycle conjugacy of uniformly outer Z2-actions on the UHF
algebra A.
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Invariant

Example

Let A= My ® Mg ® Ms®@ M7 @ M1 ® ... and

let A € [[,Z/pZ.

For each prime number p, choose unitaries u,, v, in M, satisfying
2mv/~1X(p)

_ /p
UpUp = € Uplp.

Define o : Z?> ~ A by

ag, :®Adup and g, :®Advp.
P

P
Then we have [o] = .

If {p | A\(p) # 0} is an infinite set, then the action « possesses the
Rohlin property automatically (Nakamura 1999).

If A(p) = 0 for all but finitely many p, then we have to choose

Uy, vp carefully in order to make o possess the Rohlin property.
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Conclusion

Intertwining argument (1)

Theorem (Katsura-M 2007)

Let A be a UHF algebra and let o, 3 : Z?> ~ A be uniformly outer
actions. Then, « and (3 are cocycle conjugate if and only if

[o] = [5].

We wish to show that [a] = [3] implies cocycle conjugacy, by using
the Evans-Kishimoto intertwining argument.

Choose an increasing family of finite subsets Fy, Fy,... of A
whose union is dense in A. Let 1 > d2 > ... be a decreasing
sequence of positive real numbers with §,, — 0.

We will construct Z2-actions o, 310, o) 3B on A4,
cocycles u(©, 4w 42 . and unitaries vg, v1, va, . . . .

19/23



Conclusion

Intertwining argument (2)

Put a® = o and s = 5. We can find an a(9-cocycle u(9) such
that

Hﬂfl)(l’) - Aduz(-o) o ozl(o)(:v)H <0, VreF, Vi=1,2.

Let a® be the perturbed action of a0 by u(o), that is,
a® = Adu® o,

We can find a S(M-cocycle uV) such that
ol (z) — AdulY 0 BV (2)| < 6, Vz € Fy, Vi=1,2.

Let 3®) be the perturbed action of V) by u(}), that is,
B3 = Adu® o g,

Note H[ugl),@(l)(x)]]y <& +dyforx e Fyandi=1,2.
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Conclusion

Intertwining argument (3)

We can find an a®-cocycle u(? such that
18¥ () — Adul? 0 o\ (2)|| < 65 Va € F, Vi=1,2.

Let a® be the perturbed action of a2 by u(z), that is,
a® =Adu® oa®.
Note H[u?),agz)(aﬁ)w < g+ 93 forx € Fyand i =1, 2.

In such a way, we obtain
Ad(uPHy =1 Wy 6 8 x Ad(uPP a2 ) o .
In each step, we apply the stability to the cocycles u(*) and get

Juf® — o8 i) | < 27 and Jluf® = vl )| < 27

7
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Conclusion

Intertwining argument (4)

‘Centrality’ of (%) implies ‘centrality’ of the unitaries vj,. Hence

Y1 = lim Ad(’UQ]H_l’UQk_l e Ul)
k—oo

and

Yo = im Ad(vgkvgk_g e ’Uo)
k—o0

exist in Aut(A).

Consequently we obtain

Adwl(l)o’yloﬁioyl_l:Adw(o)o'yooozioq/o_l Vi=1,2

)

for some cocycles w®), w() | thereby completing the proof.



Conclusion

Remark

- Two uniformly outer Z2-actions o, 3 on a UHF algebra A are
outer conjugate if and only if [a](p) = [5](p) for all but
finitely many p € P(A).

- In a similar fashion, we can prove the following: Any outer
actions of Z" on the Cuntz algebra O, are cocycle conjugate
to each other.

Problem

Let A be a UHF algebra of infinite type and let o, 3 : ZN ~ A be
uniformly outer actions. Are they cocycle conjugate ?
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