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Notations:

[, \ countable (discrete infinite) groups.
(X, ), (Y,v) probability measure spaces.
[~ X, AN~Y measure preserving actions.

Given I ~ X, denote M = L>°(X) xI its group
measure space vN algebra. {ug}y C M the
canonical unitaries, implementing ' ~ L°°(X)
by ugauy = g(a), a € L°(X) C M.

L(IT) =CxTI the group vN algebra of I'. Note:
L) ~{ug}’ C L®(X) xT.

R = {(t,gt) | t € X} is the (countable) equiv-
alence relation implemented by I' ~ X and
L(Rr) the associated vN algebra. Note: A =
L°°(X) is maximal abelian in M = L(R) and
Ny (A) = {u e UM) | uAu* = A} generates
M, i.e. A is Cartan subalgebra in M. Also,
L(Rr) = L°°(X) x I when action free ergodic.



Fact: ' ~ X free ergodic = L*®°(X) x I II;
factor; £(I") II; factor iff I is ICC; L(Rp) II1
factor iff I ~ [0, 1] ergodic.

Conjugacyof T n X, AN~ Y means A : (X, u) =~
(Y,v) and § : T ~ A with A(gt) = §(g)A(),
Vgel,te X.

Note: Conjugacy implements isomorphism
L®X x>~ LY x A\ by Zagug +— ZA(ag)v(;(g)

Fact: L°°(X) x [ can only “remember” R .
More precisely: Aniso A : (X,u) ~ (Y,v) ex-
tends to L°(X) x T ~ L°(Y) x A iff A is an
orbit equivalence (OE), i.e. A(Rr) = Rn, or
A(lMt) = ANA(L), Vt.

Obs: Conjugacy = OE = iso of vN algebras
(W*-equivalence)



A deformation of 11 factor M = L°°(X) x I',
L(IN) is a sequence of completely positive (C.p.)
maps ¢n . M — M which are unital, trace
preserving and satisfy limy |[én(z) — z||> = O,
Ve € M.

Typical examples of c.p. maps:
e Automorphisms of M:

where ¢ . [T — C is positive definite.



e Questions on relative property (T)

A subalgebra B C M has relative property (T)
if any deformation ¢, of M is uniform on B:
limp(sup{[[¢n(b) —bll2 | b€ (B)1}) = 0.

(N.B. If B = M this amounts to Connes-Jones
prop T of M)

An action ' ~ (X, ) (resp. its eq. rel. Rr)
has relative property (T) if L°(X) C L(Rr)
has relative property (T).

Obs: If H discrete abelian group and I ~ H
then H C HxT hasrel. prop. (T) iff T ~ H
has rel. prop. (T);

Examples SL(n,Z) ~ Z™, n > 2 (Kazhdan);
I~ Z2for T C SL(2,7Z) non-amenable (Burger):
more examples by Shalom, Fernos, Valette.



Q 1 Give a "non-vNAlgebra” def. of relative
property (T) for actions.

Q 2 Denote R the OE relation of SL(2,7Z)
T2. VRo C R non-amenable has rel. (T)? V
“quotient” (...) of R hasrel. (T)7?

Q 3 What are the groups I for which 3T ~ X
free ergodic with rel. (T)7? (Ioana...)



¢ Related Questions:

Fact ([P0O1]) If T ~ X ergodic has rel prop (T)
then Out(L(Rr)), Out(Rr) countable. Also,
R has only countably many quotients of finite
index.

Q 1 Calculate Out(R - 12), Out(L(Rr)), for
= SL(2,Z), T = Fy C SL(2,7Z). Calculate
all finite index subeqg. rel. and quotients of
SL(2,7) ~ T? (Vaes...)

Q 2 Show JF, ~ X free ergodic with Out(Ry,,)
=1.



e Questions on the fundamental group

Fact ([P05]) VS C R% countable subgroup,
JFec ~ X ergodic (but not free) with its OE
relation R satisfying F(R) = F(L(R)) = S.
Moreover, R! cannot be implemented by a free

action I ~ X, Vt > 0.

Q 1 Is any fund. group F(Rr), F(M), either
countable or Rj_? (VR OE rel, VM separable
II; factor)

Q 2 Give examples of free ergodic I ~ X with
F(Rr) #1,R% . Can F(Rr) contain irrationals
(when # R*+) if T~ X free?

Q 3 JFx » X free ergodic with F(Ry_) = 1,
resp. with F(Rp_) = RY 7 (By Gaboriau,
F(Rp,) = 1, VI, ~ X free ergodic , n < 00).



e On Bernoulli actions & OE superrigidity

Fact ([PO05, P06]) Bernoulli actions T ~ (X, p) =
(Xo,p0)" of prop. (T) groups are Uy;,-Cocycle
Superrigid. In particular OE Superrigid, i.e. V
FC X ~op A ~T" Y. “comes” from a conju-
gacy (...). Same true for ' ~ X sub-malleable
mixing (e.g. quotients of Bernoulli) with I
satisfying one of the following:

- 3 H C I' infinite w-normal with rel prop (T)

- dH C I infinite w-normal with non-amenable
commutant (e.g. ' = H x H', H' non-amen)



Q 1 Find the class CS (resp. O&ES) of groups
[ such that any Bernoulli ['-action is
Urin-Cocycle (resp OE) Superrigid.

Q 2 Find larger classes U of ‘‘target” groups
with the property that any Bernoulli action of
a Kazhdan (or other) group is U-Cocycle Su-
perrigid.

Q 3 Calculate H2(R) more generally H*(R)
for some I' ~ X. (No such calculations exist
forn > 2! For I' Kazhdan and action Bernoulli,
one expects H*"(Rr) =H"(I").)

Q 4 Is it true that VI,A non-amenable, any
OE of Bernoulli actions ' ~» X, A Y comes
from a conjugacy 7 For free groups 7

Q 5 Let ' be non-amenable ICC. Is any au-
tomorphism of the probability space (X, u) =
(Xo,po)" that commutes with the Bernoulli
action I ~ X the product of a diagonal au-
tomorphism and a ‘right” Bernoulli shift by
an element of the group?



e Cartan decomposition & W*-superrigidity

Fact ([P0O5, P06]) I',A ICC groups, with I
either: Kazhdan; or dH C I w-normal with rel
prop (T); or 3H C I', |H| = oo, H' NI non-
amenable. Assume [ ~ X free mixing and
AN ~Y Bernoulli. Then any 6 : L°(X) x I ~
L%(Y) x A comes from a conjugacy (Strong
W*-Rigidity result).

Q 1 Find group actions I' ~ X that are W*-
Superrigid, i.e. given any other free ergodic
action A ~ Y, any isomorphism L°°(X) x [ ~
L*°(Y) x A comes from a conjugacy.



Note: If one could show that ' Kazhdan (or
product group) and ' ~ X Bernoulli implies
L*®°(X) x I has unique Cartan, then I ~ X
follows W*-Superrigid (by [P05, P06])

Q 2 If I Kazhdan and I' ~ X Bernoulli, does
L®(X) x T ~ L*®°(Y) x A imply A Kazhdan?
Obs: If so, then Bernoulli actions of Kazhdan
groups follow W*-Superrigid.

Related Obs: If PSL(n,7Z) ~ T"™ gives a fac-
tor with unique Cartan, then this action would
follow W*-Superrigid (by Furman 99).



Fact (Ozawa-Popa 07): If T = [y X ... X [y,
~ X ergodic profinite (...), then L*°(X) x I
has Cartan iff T ~ X free. And if free, then its
Cartan is unique, up to unitary conjugacy.

Q 3 Show some I ~ X as above is OE-
superrigid. (Then I ~ X follows W*-superrigid.)

Q 4 Generalize [OPO7] to arbitrary I' ~ @ (not
nec. profinite).

NB: This would imply:

(1) The Bernoulli Fy, xF,, ~ X is W*-superrigid
(since its factor would have unique Cartan).
(2) Q@ ® L(F,) would have no Cartan, VQ.

Q 5 Find (other) classes of factors L°°(X) x ™
with unique Cartan.



e Connes’ Rigidity Conjecture (CRC)

If ,A ICC groups with property (T), does
L) ~ LN) imply T ~ A ? At least for
PSL(n,Z), n >3 7?7 (Known for ', C Sp(n,1)
by Cowling-Haagerup.)

CRC Strong Version: IfI" ICC with prop (T)
and N ICC, then any 0 : L(I') ~ L(A)! forces
t=1and 36: T — N\, v Hom(I',T) such that

0(Xgcqug) = Zgv(g)cqus(g)?



e Free Group Factor Problems

The Non-isomorphism Problem:

L(Fp) ~ L(F,) = n=m 7 Sufficient to prove:
L(Fx) #= L(F,) for some n (cf. Voiculescu,
Radulescu, Dykema). Related to this:

Finite Generation Problem Can L(F-) be
fin gen as vN Alg ? Do there exist £L(I") which
cannot be fin gen 7 (Obs: Any factor L(Rf)
can be generated by two unitaries)



Known Indecomposition Properties of L(IF,,)
It has no Cartan (Voiculescu 94) and is prime
(Ge 96), in fact P’ n L(F,) amenable VP C
L(Fy) diffuse (Ozawa 03).

Stronger still (Ozawa-Popa 07): If P C F(Fy)
amenable diffuse then N (P)” amenable (L(FF5)
is strongly-solid). Also, Q ® L(IF5) has no Car-
tan, VQ with Ah(Q) =1, eg. Q@ = R, Q C
L(M)RL(M)R..., wherel; C SO(n,1), SU(n,1).
Moreover, if M C Q ® L(IF>) with finite Jones
index then M has no Cartan (Connes’ exam-
ples of M #= MP°P).

Absence of Cartan Problem: @Q ® L(IF,) has
no Cartan VQ factor (Peterson’s L2-rigidity;
Jung, Shlyakhtenko for amalg free products).



Abstract Characterization of L(IF,): If M
II; factor is s-solid and Ap(M) = 1 then M ~
L(F,)t ? Is any non-amenable M C L(F,) iso
to some L(F,)t ?

Obs By [OPO7], if [ = (Fpy @ Fpy) 3 ...) x Fy,
satisfies A (M) = 1 then £(I") has no Cartan.
Can it be s-solid for some I'? Is A (Aut(F5))
equal to 1 7 Does Ay(lF) = 1 imply ' has
Haagerup property (Cowling).

W*-equiv vs orbit equiv of groups [, A\ are
called orbit equivalent if 9 free ergodic ' ~ X,
A ~Y that are (stably) OE.

Q (Shlyakhtenko): Does OE of ICC groups
[, A imply (or is implied by) £(I") ~ L(A)t, for
somet>07



e Connes’ approx. embedding problem

Is L°°(X) x I embeddable into R,

VY countable group I', VI ~ X7
Or at least for all Bernoulli '-actions?
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