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Unique Games Conjecture [Khot’02]

• Hardness of certain constraint satisfaction problem.

• If true has many implications 

Huge Gap!Huge Gap!

Source of quantitative weakness:
Inefficiency of long-code/noise graph.

(even bigger than it seems)
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Source of quantitative weakness:
Inefficiency of long-code/noise graph.
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(capturing the ABS algorithm [B-Raghavendra-Steurer’11,Guruswami-Sinop’11] )



Source of quantitative weakness: Inefficiency of long-code/noise graph.

Our main result: New exponentially more efficient replacement to 

long-code/noise-graph gadget.

Some Applications:

• Alphabet reduction / inner PCP gadget* for unique games 
with quasipolynomial blowup in alphabet size.
Improves on exponential blowup of long-code gadget.

Exponential improvement over prior bounds.



Talk Overview

1. Review of long-code + noisy Boolean cube

2. Shorter long-code via “succinct cube”:

– Connection to locally testable codes.

– Construction via Reed-Muller code.

3. Small set expander with many large eigenvalues.

4. Sketch of other applications:

– “Majority is Stablest” for succinct cubes.

– Sketch of integrality gap construction.

5. Conclusions and open problems
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Every set with large affinity is “close” to dictatorship:

Stronger results known  
[Kahn-Kalai-Linial’88, Friedgut’98, Bourgain’99,Mossel-O’Donnel-Oleszkiewicz’05],..
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Succinct Cubes

2) Subgraph still small set expander.

Natural approach: Take random subset.

More generally: preserve properties of cube

But not too bad…







Proof outline:

3) By 2), many properties of hypercube are preserved, including 
small set expansion.
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3) By 2), many properties of hypercube are preserved, including 
small set expansion.

Thus proof immediately carries over to our case.

[Nash’??,Bonami’68]



Our main result: New exponentially more efficient replacement to 

long-code/noise-graph gadget.

Some Applications:

• Alphabet reduction / inner PCP gadget* for unique games 
with quasipolynomial blowup in alphabet size.
Improves on exponential blowup of long-code gadget.
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Invariance Principle and Alphabet Reduction

Invariance Principle:

Crucial tool in several applications of noisy cube via “Majority is Stablest”

Main tool: PRG for polynomial threshold functions. [Meka-Zuckerman’10] 

[Mossel-O’Donnel-Oleszkiewicz’05]

Unfortunately, proof doesn’t involve just finite moments.

[Khot-Kindler-Mossel-O’Donnel’04]



Integrality gaps for Unique Games, Max Cut



Open Problem: Prove the UGC

Our gadget yields a candidate “inner PCP”.

Need to find the right outer PCP..

Q: Is there a subexponential algorithm for smooth label cover?

Open Problem: Refute the UGC

Seems we need to use a different algorithm..

..or maybe just stronger SDP hierarchies?


